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Mixed boundary value problem

Laplace operator:

−∆u(x) = 0 for x ∈ Ω,

u(x) = gD(x) for x ∈ ΓD,

t(x) := (Txu)(x) = (∂nu)(x) = gN (x) for x ∈ ΓN .

linear elastostatics:

−div (σ(u)) = 0 for x ∈ Ω ⊂ IR3,

ui(x) = gD,i(x) for x ∈ ΓD,i, i = 1, . . . , 3,

ti(x) := (Txu)i(x) = (σ(u)n(x))i = gN,i(x) for x ∈ ΓN,i, i = 1, . . . , 3.

The stress tensor σ(u) is related to the strain tensor e(u) by Hooke’s law

σ(u) =
Eν

(1 + ν)(1− 2ν)

(
tr e(u)I +

E

(1 + ν)
e(u)

)
.

E is the Young modulus and ν ∈ (0, 1
2 ) is the Poisson ratio. The strain tensor is defined by

e(u) =
1
2

(∇u> +∇u).
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Boundary integral formulation

Representation formula:

u(x) =
∫

Γ

[U∗(x, y)]>t(y)dsy −
∫

Γ

[T ∗yU
∗(x, y)]>u(y)dsy for x ∈ Ω.

Calderon projector for the Cauchy data u(x) and t(x) on the boundary Γ:u
t

 =

 1
2I −K V

D 1
2I +K ′

u
t

 on Γ

Boundary integral operators:

(V t)(x) =
∫

Γ

[U∗(x, y)]>t(y)dsy, (Ku)(x) = à
∫

Γ

[T ∗yU
∗(x, y)]>u(y)dsy,

(K ′t)(x) = à
∫

Γ

[TxU∗(x, y)]>t(y)dsy, (Du)(x) = −Tx
∫

Γ

[T ∗yU
∗(x, y)]>u(y)dsy.

Fundamental solution:

U∗(x− y) =
1

4π|x− y|
, U∗kl(x− y) =

1 + ν

8πE(1− ν)

[
(3− 4ν)

δkl
|x− y|

+
(xk − yk)(xl − yl)

|x− y|3

]
.
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Symmetric variational boundary integral formulation

Symmetric boundary integral formulation (Sirtori ’79, Costabel ’87):

(V t̃)(x)− (Kũ)(x) = (
1
2
I +K)g̃D(x)− (V g̃N )(x) for x ∈ ΓD,

(K ′t̃)(x) + (Dũ)(x) = (
1
2
I −K ′)g̃N (x)− (Dg̃D)(x) for x ∈ ΓN .

Galerkin discretization with piecewise constant (ϕl) and piecewise linear (ψi) ansatz and test
functions leads to a system of linear equations:Vh −Kh

K ′h Dh

 t̃h
ũh

 =

fN
f
D

 .

Single Galerkin blocks for k, l = 1, . . . ,m and i, j = 1, . . . , m̃

Vh[l, k] = 〈V ϕk, ϕl〉L2(ΓD), Kh[l, i] = 〈Kψi, ϕl〉L2(ΓD),

K ′h[j, k] = 〈K ′ϕk, ψj〉L2(ΓN ), Dh[j, i] = 〈Dψi, ψj〉L2(ΓN ).
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Symmetric realization of the single layer potential

Observation: The fundamental solution (U∗kl)l,k=1..3 of linear elastostatics can be written as

U∗kl(x− y) =
1 + ν

2E(1− ν)
1

4π

[
(3− 4ν)

δkl
|x− y|

− 1
2
xl

∂

∂xk

1
|x− y|

− 1
2
yl

∂

∂yk

1
|x− y|

−1
2
xk

∂

∂xl

1
|x− y|

− 1
2
yk

∂

∂yl

1
|x− y|

]
.

Lemma 1. For x 6= y, the single layer potential V E can be written as

(
V Et

)
k

(x) =
(1 + ν)

2E(1− ν)

[
(3− 4ν)

(
V ∆tk

)
(x)− 1

2

3∑
l=1

(
xl

∂

∂xk
+ xk

∂

∂xl

)(
V ∆tl

)
(x)

− 1
2

∫
Γ

3∑
l=1

yltl(y)
∂

∂yk

1
4π|x− y|

dsy −
1
2

∫
Γ

yk

3∑
l=1

tl(y)
∂

∂yl

1
4π|x− y|

dsy

]
.

This form guarantees the symmetry of the farfield part of the Galerkin matrix.
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Double layer potential

Theorem 1 (Kupradze, 1979). The double layer potential KE of linear elastostat-
ics can be written as(
KEu

)
(x) =

1
4π

∫
Γ

u(y)
∂

∂ny

1
|x− y|

dsy−
1

4π

∫
Γ

1
|x− y|

(Mu) (y)dsy+2µ
(
V E (Mu)

)
(x),

with

µ =
E

2(1 + ν)
, M =


0 n2∂1 − n1∂2 n3∂1 − n1∂3

n1∂2 − n2∂1 0 n3∂2 − n2∂3

n3∂1 − n3∂1 n2∂3 − n3∂2 0

 ;

(
KEu

)
(x) =

(
K∆u

)
(x)−

(
V ∆ (Mu)

)
(x) + 2µ

(
V E (Mu)

)
(x)

The bilinear form of adjoint double layer potential is realized accordingly.
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Hypersingular operator

Theorem 2 (Houde Han (1994), Kupradze (1979)). The bilinear form of the
hypersingular operator DE in linear elastostatics can be written in the form

〈DEu, v〉L2(Γ) =
∫

Γ

∫
Γ

µ

4π
1

|x− y|

(
3∑
k=1

(Mk+2,k+1v) (x) · (Mk+2,k+1u) (y)

)
dsydsx

+
∫

Γ

∫
Γ

(Mv)> (x)
(
µ

2π
I

|x− y|
− 4µ2U∗(x, y)

)
(Mu) (y)dsydsx

+µ
∫

Γ

∫
Γ

3∑
i,j,k=1

(Mk,jvi) (x)
1

4π
1

|x− y|
(Mk,iuj) (y)dsydsx.

All the boundary integral operators in linear elastostatics respectively their bilinear forms are
reduced to those of the Laplacian.
Together with integration by parts for bilinear form of the hypersingular operator of the
Laplacian, it is sufficient to deal with the single and double layer potential of the
Laplacian.
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Fast Multipole Method for potential theory

(V ∆t)(x) =
1

4π

∫
Γ

1
|x− y|

t(y)dsy for x ∈ Γ

In the farfield computation by numerical integration:

1
4π

N∑
k=1

∫
τk

t(y)
1

|x− y|
dsy ≈

1
4π

N∑
k=1

Ng∑
i=1

∆kωk,it(yk,i)︸ ︷︷ ︸
=qk,i

1
|x− yk,i|

.

multipole expansion for |x| > |y|
M∑
j=1

qj
|x− yj |

≈ Φp(x) =
p∑

n=0

n∑
m=−n

M∑
j=1

qj |yj |nY −mn (ŷj)
Y mn (x̂)
|x|n+1

and local expansion for |x| < |y|
M∑
j=1

qj
|x− yj |

≈ Φp(x) =
p∑

n=0

n∑
m=−n

M∑
j=1

qj
Y −mn (ŷj)
|yj |n+1

Y mn (x̂)|x|n

with spherical harmonics for m ≥ 0

Y ±mn (x̂) =

√
(n−m)!
(n+m)!

(−1)m
dm

dx̂m3
Pn(x̂3)(x̂1 ± ix̂2)m.
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Post model

Dividing in nearfield and farfield by a hierarchical structure.
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Properties of the FMM approximation

With an appropriate choice of the parameters of the multipole approximation:

• positive definiteness of the approximated matrices Ṽh and D̃h

• same (optimal) convergence rate as in the standard approach

• All the boundary integral operators in linear elastostatics are reduced to those of the
Laplacian: Single and double layer potential are sufficient.

• regularization of boundary integral operators ⇒ less effort on integration

• symmetric implementation of boundary integral operators

• Fast boundary element method with O(N log2N) demand of time and memory,
applicable to complex problems of industrial interest

• preconditioning by boundary integral operators and using hierarchical strategies
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Example: foam
(H. Andrä, ITWM Kaiserslautern)

N generation solving It

28952 0.7 h 7.3 h 246
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