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Preliminaries

Aρ = f on Γ = ∂Ω ⊂ R2

A : Hq(Γ) → H−q(Γ) (Aρ)(x) =
∫

Γ
k(x, y)ρ(y)∂Γy
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• single layer potential: q = −1
2, A = K

K = − 1
2π

∫
Γ
log |y − x|ρ(y)∂Γy

• double layer potential: q = 0, A = −1
2 +K

K = − 1
2π

∫
Γ

〈n(y), y − x〉
|y − x|2

ρ(y)∂Γy
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Galerkin scheme

• Variational formulation: find ρ ∈ Hq(Γ) :
(Aρ, v)L2(Γ) = (f, v)L2(Γ) ∀v ∈ Hq(Γ)

• VN = span{φ1, ..., φN} ⊆ Hq(Γ)

⇒ AΦρΦ = fΦ
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Geometry

• ΓN - polygonial approximations of the surface Γ

⇒ finest level is fixed

• diam(Ω) < 1
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• ansatzfunctions:

φi(x) =


1√∫
Γi
∂Γ
, for x ∈ Γi ,

0, else
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• ansatzfunctions:

φi(x) =


1√∫
Γi
∂Γ
, for x ∈ Γi ,

0, else

φi(x(s)) =


s√

1
3

∫
Γi−1

∂Γ+1
3

∫
Γi
∂Γ

for x(s) ∈ Γi−1,

1−s√
1
3

∫
Γi−1

∂Γ+1
3

∫
Γi
∂Γ

for x(s) ∈ Γi,

0 else
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Objectives

• sparse stiffness matrix

• low complexity of solving



10

Wavelet basis - stiffness matrix



10

Wavelet basis - stiffness matrix

• hierarchical wavelets:



10

Wavelet basis - stiffness matrix

• hierarchical wavelets:

? hierarchical structure



10

Wavelet basis - stiffness matrix

• hierarchical wavelets:

? hierarchical structure

? ψi :=
∑N

k=1ωi,kφk, ωi1ωi2 = δi1i2



10

Wavelet basis - stiffness matrix

• hierarchical wavelets:

? hierarchical structure

? ψi :=
∑N

k=1ωi,kφk, ωi1ωi2 = δi1i2
? (ψi, ~xα) = 0, |α| < d̃ (~xα = xα1

1 x
α2
2 )



10

Wavelet basis - stiffness matrix

• hierarchical wavelets:

? hierarchical structure

? ψi :=
∑N

k=1ωi,kφk, ωi1ωi2 = δi1i2
? (ψi, ~xα) = 0, |α| < d̃ (~xα = xα1

1 x
α2
2 )

• Dahmen-Prößdorf-Schneider/ von Petersdorff-Schwab:

Aψ is a quasi sparse matrix with O(N log(N)) entries.
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• idea: ∫
Γ

∫
Γ
k(x, y)ψk(x)ψk′(y)∂Γx∂Γy

=
∑

(α,β)∈N2
0×N

2
0

(Dα+βk)(x0, y0)

∫
Γψk(x)(x− x0)α∂Γx

α!

∫
Γψk′(y)(y − y0)β∂Γy

β!
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• idea: ∫
Γ

∫
Γ
k(x, y)ψk(x)ψk′(y)∂Γx∂Γy

=
∑

(α,β)∈N2
0×N

2
0

(Dα+βk)(x0, y0)

∫
Γψk(x)(x− x0)α∂Γx

α!

∫
Γψk′(y)(y − y0)β∂Γy

β!

∣∣Dα+βk(x0, y0)
∣∣ ≤ C

(
1

‖x0 − y0‖

)α+β+1−2q
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Wavelet construction

• hierarchical structure → coarsening → cluster tree

•
[

Φν,j−1

Ψν,j−1

]
=

[
V ν,j−1

0
V ν,j−1

0

]
Φν,j
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• Let M ν,j−1 be the moment matrix of the cluster ν from

level j − 1

M ν,j−1 =
[∫

Γ
~xαΦν,j>dx

]
|α|<d̃



13

• Let M ν,j−1 be the moment matrix of the cluster ν from

level j − 1

M ν,j−1 =
[∫

Γ
~xαΦν,j>dx

]
|α|<d̃

• SV D⇒ M ν,j−1 = UΣV > = U [S, 0]

[
V ν,j−1

0
V ν,j−1

0

]



13

• Let M ν,j−1 be the moment matrix of the cluster ν from

level j − 1

M ν,j−1 =
[∫

Γ
~xαΦν,j>dx

]
|α|<d̃

• SV D⇒ M ν,j−1 = UΣV > = U [S, 0]

[
V ν,j−1

0
V ν,j−1

0

]

• constant/linear ansatzfunctions ⇒ Ψ is orthonormal/

Riesz-basis.
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• complexity of computing cluster tree and wavelets:

O(N)
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Computation of the stiffness matrix

• transformation matrix ΩΨ,Φ := (ωi,k)
N
i,k=1

• AΨρΨ = ΩΨ,ΦAΦΩΨ,Φ>ΩΨ,ΦρΦ = ΩΨ,Φ(f, φi)Ni=1 = fΨ

• calculation of fΨ in O(N) possible
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ΩΨ,Φ> =


· · · ψν

2
1 0 0 0 ψν

1
1 0 ψν

0
1

· · · 0 ψν
2
2 0 0 ... 0 ...

· · · 0 0 ψν
2
3 0 0 ψν

1
2 ...

· · · 0 0 0 ψν
2
4 0 ... ...


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ΩΨ,Φ> =


· · · ψν

2
1 0 0 0 ψν

1
1 0 ψν

0
1

· · · 0 ψν
2
2 0 0 ... 0 ...

· · · 0 0 ψν
2
3 0 0 ψν

1
2 ...

· · · 0 0 0 ψν
2
4 0 ... ...
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→


· · · ψν

2
1 ψν

1
1 ψν

0
1

· · · ψν
2
2 ... ...

· · · ψν
2
3 ψν

1
2 ...

· · · ψν
2
4 ... ...


⇒ O(log(N)) columns



17

Using multipole method

• the multipole method



17

Using multipole method

• the multipole method

? iterative solving of AΦρΦ = fΦ



17

Using multipole method

• the multipole method

? iterative solving of AΦρΦ = fΦ

⇒ fast matrix-vector product



17

Using multipole method

• the multipole method

? iterative solving of AΦρΦ = fΦ

⇒ fast matrix-vector product

? expansion of kernel



17

Using multipole method

• the multipole method

? iterative solving of AΦρΦ = fΦ

⇒ fast matrix-vector product

? expansion of kernel

⇒ k(x, y) =
∑

(α,β)∈N2
0×N

2
0

(Dα+βk)(x0, y0)

(x− x0)α

α!
(y − y0)β

β!
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? H.Harbecht: Error estimates for entries of AΨ
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Numerical results
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Future research

• application to the 3D-case

• improved combination of multipole and wavelets


