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An energy space finite element approach

for elliptic Dirichlet boundary control problems

G. Of, T. X. Phan, O. Steinbach

Institut fir Numerische Mathematik, TU Graz,
Steyrergasse 30, 8010 Graz, Austria
{of ,thanh.phanxuan,o.steinbach}@tugraz.at

Abstract

In this paper we present a finite element analysis for a Dirichlet boundary control
problem where the Dirichlet control is considered in a convex closed subspace of the
energy space H'/2(T'). As an equivalent norm in H'/?(T') we use an energy norm
which is induced by a hypersingular boundary integral operator. The presented
stability and error analysis of the discretization of the resulting variational inequality
is based on the mapping properties of the solution operators related to the primal
and adjoint boundary value problems, and their finite element approximations. Some
numerical results are given.

1 Introduction

In this paper, the focus is on the a priori error analysis of the finite element approximation
to minimise the cost functional

Tw2) = Flw)+ s0lal3, (1.1

where the state u is the unique solution of a second order elliptic partial differential equa-
tion in a bounded two— or three-dimensional domain €2, satisfying a Dirichlet boundary
condition v = z on I' = 0Q. The non-negative cost functional F(u) describes, e.g.,
some physical quantity to be minimised, while ||z||} reflects either the costs of the control
z € U C V, or represents some regularization when considering, for example, an inverse
source problem. Note that V is an appropriate Hilbert space to be specified, and U C V is
a convex closed subset which describes additional constraints on the control.

For a general analysis on optimal control problems governed by partial differential
equations we refer to, e.g., [27, 40], for numerical methods to solve related variational



inequalities, see, e.g., [13], and for a more recent overview on the theory and numerics of
optimal control problems, see, for example, [16].

Optimal control problems (1.1) with a Dirichlet boundary control play an important
role, for example, in the context of computational fluid mechanics., see, e.g., [12, 15], and
the references given therein. In [15], the cost functional J(u,z) = F(u) is the domain
integral over the strain tensor of the velocity field u satisfying the steady state Navier—
Stokes equations with the Dirichlet boundary condition v = z € U C HY?(T'). A similar
minimisation problem is considered in [12], where the cost functional [J(u,z) is either
written as boundary integral to describe the work needed to overcome the drag exerted on
a given body, or equivalently as a domain integral over the strain of the velocity, and some
additional boundary integral. In both cases, the cost functional [J (u, z) describes an energy
in H'(Q2), or equivalently, in the Sobolev trace space H'/2(I"). Hence, when considering the
minimisation problem (1.1) subject to a Dirichlet boundary value problem, V = H'/?(T")
appears as a natural choice [2]. To obtain smoother optimal solutions one may even consider
more regular cost functionals: In [21], V = H?*(I) is considered where the norm || - || s2(r)
is realized by using the Laplace—Beltrami operator on the boundary I'. Note that such an
approach requires a sufficient regularity of the domain €2 which is assumed to be of the class
C?!. In [27], several Neumann and Dirichlet boundary control problems with observations
in the domain €2 and on the boundary I' are considered from an analytic point of view.
To describe the involved Sobolev norms on the boundary I, in particular H~/2(T") and
H*'Y2(T), certain fractional powers of the Laplace-Beltrami operator are used which seems
to be complicated from a numerical point of view. The situation simplifies when U = Lo(T")
is used as control space. Although this choice allows also the use of a piecewise constant
control function z, the associated partial differential equation has to be considered within
an ultra—weak variational formulation, see, for example, [27], and [3] for an appropriate
finite element approximation using standard piecewise linear basis functions. The use of
the ultra—weak variational formulation of the primal Dirichlet boundary value problem in
the context of an optimal control problem requires the adjoint variable p to be sufficiently
regular, i.e., p € H*(Q)NH}(Q). Since the adjoint variable p itself is the unique solution of
the adjoint partial differential equation with homogeneous Dirichlet boundary conditions,
either a smooth boundary I, or a polygonal or polyhedral but convex domain €2 has to be
assumed. For related finite element approximations, see, e.g., [7, 10, 14, 25, 29], or [42]
in the case of a finite dimensional Dirichlet control. Several variational formulations of
Dirichlet control problems are discussed in [24]. To include a Dirichlet boundary condition
u = z € Ly(') in a standard variational formulation, alternatively one may consider a
penalty approximation of the Dirichlet boundary condition by using a Robin boundary
condition, see, e.g., [2, 17, 19, 20]. Again, sufficient smoothness of the boundary T" has to
be assumed.

The aim of this paper is to present a numerical analysis of an energy space finite
element approach when the control z is considered as an element of the boundary trace
space H'/2(T'), where an equivalent norm is realized by using a hypersingular boundary
integral operator. Note that in this case the costs represent the energy of the harmonic
extension of the Dirichlet control z. This approach allows the use of a standard finite



element method in H'(Q2) by using, e.g., piecewise linear basis functions, to solve both the
primal and adjoint Dirichlet boundary value problems. The main difference to the more
common approach when using Lo (I") as control space appears in the optimality condition.
In particular, the hypersingular boundary integral operator links the Dirichlet control with
the normal derivative of the adjoint variable. The related optimality condition results then
in a higher regularity of the control, and requires less assumptions on the smoothness of the
adjoint variable, in fact, we may even consider general Lipschitz domains 2. Moreover, for
polygonal or polyhedral bounded domains {2 we also obtain higher order convergence results
for the approximate finite element solution. Indeed, the use of H'/?(T") as control space
reflects the proper mapping properties of the Dirichlet to Neumann map which appears
within the optimality condition. Instead, when using Ls(I") as control space, Dirichlet and
Neumann boundary conditions are identified with each other. In particular for polygonal
and polyhedral domains €2 the control z will then be zero in all corner points which seems
to be not motivated from the application in mind.

The paper is organised as follows: In Section 2, we describe the considered Dirichlet
boundary control problem, the primal boundary value problem, and the reduced cost func-
tional as well as the related adjoint boundary value problem. The minimiser of the reduced
cost functional is characterised as the unique solution of a variational inequality of the first
kind. The finite element discretization of the variational inequality is described in Sect. 3,
where also finite element approximations of both the primal and adjoint boundary value
problems and related error estimates are given. These approximations are used to describe
and to analyse the finite element discretization of the perturbed variational inequality.
The main results of this paper are the error estimates as given in Corollary 3.9. Some
numerical results are finally given in Section 4, where we also give a comparison with the
more common approach when considering the control in Ly(T").

For an overview on the used Sobolev spaces in the domain and on the boundary, see,
for example, [1, 30, 36, 39].

2 Dirichlet control problems

Let Q C R", n = 2,3, be a bounded domain with boundary I' = 9). As a model problem,
we consider the Dirichlet boundary control problem to minimise the cost functional

1 1
J,2) = = [ Jule) = u(@)Pde + <ol =Rps (21)
2 Jq 2 ()
subject to the constraint
—Au(z) = f(x) forzeQ, wu(z) = z(zx) forxel, (2.2)

and where the control satisfies the box constraints

zeU = {w € HY2(T) : go(z) < w(z) < go(x) for almost all z € F}. (2.3)



We assume f € Ly(Q), U € Ly(Q), 0 € Ry, and g,, g, € HY?(T).

The choice V = H'/?(T") ensures the well-posedness of the standard variational formu-
lation of the Dirichlet boundary value problem (2.2). In particular, for any z € H'Y2(I")
there exists the harmonic extension u, € H'(Q) as the unique solution of the homogeneous
Dirichlet boundary value problem

—Au,(z) =0 forx e, wu,(zx)=z(z) forxel. (2.4)

Using Green’s first formula, this motivates the use of the semi-—norm

|Z|H1/2 /8n z)u,(x)ds, = /|Vuz )|*d,

which describes the energy of the harmonic extension u, € H'() of the Dirichlet control
z € HY2(T'). By introducing the Steklov—Poincaré operator S : H'/2(I') — H~'/2(T),

(Sz2)(x) = ainxuz(x) forx e T,

which realizes the Dirichlet to Neumann map related to the Dirichlet boundary value
problem (2.4), we can rewrite the semi—norm as

‘Z'ﬁ{w(r) = (52, 2)r. (2.5)

Note that the duality pairing
(T,w)p = /T(:zt)w(ar:)dsm for all w € HY*(T), 7 € H~Y*(I)
r

has to be understood as an extension of the inner product in Ly(T'), see, e.g., [22, Chapt. 4].

By using boundary integral equations which are associated to the Dirichlet boundary
value problem (2.4), we can represent the Steklov—Poincaré operator S in an explicit form,
see, e.g., [22, 36]. Since the hypersingular boundary integral operator

(Dz)(z) = 8% a—nyU* y)z(y)ds, forz el

with the Laplace fundamental solution
1
——log |z —y| forn=2,
27

U*(ffa?/) = 1 1

— for n = 3
47T|;L‘—y| orn

is spectrally equivalent to the Steklov—Poincaré operator S, instead of (2.5) we will use the
equivalent semi—norm

‘Z'ﬁ{w(r) = (Dz,2)r. (2.6)



By using integration by parts [32, 36], we can rewrite the bilinear form of the hypersingular
integral operator D as

1 d d
(D= = 5= [ Guta) J101a(t) = v o6 dsypdssy orn=2 (27
r s
and | |
(Dz,w)p = // curly2(y) - Fw(x)dzsyd:s;,; forn =3 (2.8)
rJr |37_y|
where

curlrw(z) = n, x Vyw(x)

defines the surface curl, and w is a suitable extension of the given w on I' into a three—
dimensional neighbourhood of I'. Hence we can express the bilinear form of the hyper-
singular integral operator D and therefore the energy semi-norm | - |? /2 by using the
weakly singular single layer integral operator V only.

2.1 Primal boundary value problem

To rewrite the Dirichlet boundary control problem (2.1)—(2.3) by using a reduced cost func-
tional, we introduce a linear solution operator describing the application of the constraint
(2.2). Therefore we consider the homogeneous partial differential equation (2.4) with the
control as Dirichlet boundary condition, and an inhomogeneous partial differential equa-
tion with zero Dirichlet boundary conditions to describe a particular solution. Let us be
the weak solution of the Dirichlet boundary value problem

—Aug(z) = f(z) forx e, wup(z) =0 forzel, (2.9)

ie., uy € Hy(Q) is the unique solution of the variational problem
/ Vug(z) - Vo(z)dr = / f(x)v(z)dr for allv € Hy(Q). (2.10)

The solution of the Dirichlet boundary value problem (2.2) is then given by v = u, + uy,
where u, € H'(Q) is the weak solution of the Dirichlet boundary value problem (2.4). By
applying the inverse trace theorem, see, e.g., [22, 30, 39] or [36, Theorem 2.22|, there exists
a bounded extension £z € HY(Q) for = € HY?(I'). With u, = uo + £z, the variational
formulation of the Dirichlet boundary value problem (2.4) is to find ug € H}(Q) such that

/Vuo - Vo(z)dx /V&'z -Vo(x)dz for allv € Hy (). (2.11)

By using standard arguments we can ensure the unique solvability of the variational for-
mulations (2.10) and (2.11), respectively. Due to the compact imbedding H'(Q2) C Lo(2)
we may introduce the bounded solution operator S : HY3(T') — Ly(f2), u, = Sz. Hence
we can write the solution of the primal boundary value problem (2.2) as u = Sz + uy.

bt



2.2 Reduced cost functional and adjoint boundary value problem

By using © = Sz+uy, we can write the cost functional (2.1) as the reduced cost functional

Lope e, (212)

T 1 * * — 1 —112
T(2) = 38"82, 200 + (S (uy W), A + 5 g — Tl 0 + 5

where S* : Ly(€2) — H~'/2(T') is the adjoint operator of S : H/2(I') — Ly(Q). For the
application 7 = S*1) € H~V2(T'), ¢ € Ly(Q), we have

(1,0)r = (8™, o)1 8 x)ds, for all o € HY*(T), (2.13)

where the adjoint variable p is the weak solution of the Dirichlet boundary value problem
—Ap(z) = P(x) forxeQ, plx) =0 forzxel, (2.14)

i.e., p € HY(Q) is the unique solution of the variational problem
/ Vp(z) - Vg(z)dx = / Y(z)q(x)dr  for all ¢ € Hy(9). (2.15)

Finally, by using Green’s first formula we can rewrite (2.13) for ¢ € HY?(T) as

0
(00 == [ opleletalds, = - [ Vo) VEp@hde + [ wnEeds, (210
r x Q Q
where € : H'/2(I') — H'(Q) is the bounded extension operator.

2.3 Optimality condition

To characterise the minimiser of the reduced cost functional (2.12) we introduce the self-
adjoint and bounded operator

T, := 8S+oD : H/*T) — H'*T) (2.17)
satisfying
T,
| Tozll gr-12ry < &° |2l gyey  forall z € HYX(I),

and define
g = 8" (u—uy) € HVXI).

Hence we can rewrite (2.12) as

~ 1 1 _
T(2) = 5 (T 2 = (g, 2+ 5 g — T, (218)



Lemma 2.1 The operator T, as defined in (2.17) is HY?(T)-elliptic, i.e., there exists a
positive constant clTQ such that

(Tyz,2)r > 1° |22 yeie for all z € HY2(T).

)

Proof. For z € HY?(T), let u, = Sz € H'(2) be the harmonic extension satisfying the
Dirichlet boundary value problem (2.4). Then,

1
) = (o) + o / . (y)dy

defines an orthogonal splitting in L(£2) implying

1 2
182120 = el = lsoley + (@ / uz<y>dy) .

Hence we obtain

1 2
<TQZ, z>p = HSZH%Q(Q) + Q<DZ, Z>p > <@ /Quz(y)dy) + QC?‘Z|§{1/2(F) >c ”ZH?'{1/2(F)7Q7

where )
oWy = ([ 500 ) -+ el

defines an equivalent norm in H'/?(T). ]

Since U C HY*(T') is convex and closed, and since T}, is self-adjoint and H'/2(T")-elliptic,
the minimisation of (2.18) is equivalent to solving a variational inequality to find z € U
such that

(Toz,w—2z)r > (g, w—z)r foralwel. (2.19)

Since (2.19) is an elliptic variational inequality of the first kind, we can use standard
arguments as given, for example in [5, 13, 27, 28], to establish unique solvability of the
variational inequality (2.19).

3 Finite element approximations

Let
Sh(Q) = span{p ity C H'Y(Q),  Spo(Q) = span{pi}y C Hy(Q) (3.1)

be some conforming finite element spaces of, e.g., piecewise linear and continuous basis
functions ¢y, which are defined with respect to some admissible domain triangulation €2
of mesh size h. Let

SH(T) = Sy Qe = span{g;};7y € H'*(I) (3.2)

7



be the boundary finite element space of, e.g., piecewise linear and continuous basis functions
¢; which are the boundary traces of the domain basis functions ¢, +; as given in (3.1).
Define the discrete convex set

U, = {wh c Si(F) : go(i) < wp(zy) < gp(z;)  for all nodes z; € F} )

Then the Galerkin discretization of the variational inequality (2.19) is to find zj, € Uj, such
that
(Tyzn, wp, — zp)r > (g, wp — zp)r for all wy, € Up,. (3.3)

Theorem 3.1 Let z € U and z, € Uy, be the unique solutions of the variational inequalities
(2.19) and (3.3), respectively. If we assume z, gq, gp € H*(T') for some s € [£,2], then there
hold the error estimates

s 1
Iz = znll ey < ch™ 2 (2]l (3.4)

and
Iz = 2l < et lzllaa. (3.5)

Proof. The error estimate (3.4) in the energy norm follows from the general abstract
theory as presented, e.g., in [6, 11], see also [13]. The error estimate (3.5) follows from the
Aubin—Nitsche trick for variational inequalities, see [31] for the case U, C U, and [38] for
the more general case Uy,  U. |

Remark 3.1 Note that the proof as given in [6] also covers the case of a polygonal or
polyhedral approximation Q, of the computational domain S0, see also [4, 8, 37].

Although the error estimates (3.4) and (3.5) seem to be optimal, the operator 7, as con-
sidered in the variational inequality (3.3) does not allow a practical implementation, since
this would require the discretization of the composed solution operator §*S, which is not
possible in general. Hence, instead of (3.3) we need to consider a perturbed variational
inequality to find z;, € U), such that

<fggh, wp, — §h>p > <§, wp, — §h>p for all wy, € Z/{h, (36)

where TQ and g are appropriate approximations of 7T, and g, respectively. The following
theorem presents an abstract consistency result, which will later be used to analyse the
finite element approximation of both the primal and adjoint boundary value problem.

Theorem 3.2 Let T, : HY*(T') — H-Y%(T") be a bounded and Si(T)-elliptic approzima-
tion of T, satisfying

(Tozn, zn)r > &° l2nl3poqy  for all zy € SH(T)



and _
| Tozll 120y < cg‘g |zl 2@y for all z € HY(T).

Let g € H7'Y(T) be some approzimation of g. For the unique solution Z, € Uy, of the
perturbed variational inequality (3.6) there holds the error estimate

~ 1.7 7
W—%Mwmf§<LFEM“Wﬂ>W—%MWm (37)
1

1 ~ ~
= (1T = Tzl + lg = Gllir-ro0) |
G

where z, € Uy, is the unique solution of the discrete variational inequality (3.3).

Proof. The unique solvability of the discrete variational inequality (3.6) follows from the
S}(T)—ellipticity of T,. From this we further obtain

<TQ(Zh - Zh% Zh — 5h>r

IA

T, ~
e |lzn — Zh”ip/z(r)

IN

(Tyzn, 20— Zn)r + (G — 9,20 — 2n)r + (To2h, 30 — 20)r
< [ITe = To)zullrsaey + g = Flli—vey] ln = Zull gy

The assertion now follows from the triangle inequality, and by using the boundedness of
T, and T}, respectively. [ ]

It remains to define a suitable approximation T 0 = S*S + oD which is based on finite

element approximations & and S* of the primal and adjoint boundary value problem,
respectively.

3.1 Primal boundary value problem

The application of the solution operator u, = Sz = ug + £z, ug € H}(), is given as
the unique solution of the variational problem (2.11). The finite element approximation of
(2.11) is to find ugp € S 4(€2) such that

/QVuo,h(:c) - Vo (z)dr = —/ VEz(z) - Vup(z)dz  for all v, € S ((€2). (3.8)

Q

By using Cea’s lemma, see, e.g., [4] or [36, Theorem 8.1], and by using the approximation
property of S (), see, e.g., [36, Theorem 9.10], we conclude the unique solvability of the
Galerkin formulation (3.8) as well as the error estimate

||u0 — UOJ—LHHI(Q) S ch’® |u0|H1+s(Q) (39)

when assuming vy € H'"(2) for some s € [, 1]. By applying the Aubin-Nitsche trick,
see, e.g., [4] or [36, Theorem 11.1], we also obtain an error estimate in Ly(f2),

||u0 - ’LLOJLHLQ(Q) S Ch28 |u0|H1+s(Q). (310)

9



However, instead of the variational problem (3.8), we will consider a perturbed variational
problem to find an approximate solution ug ) € S 11,0(9) such that

/ Vg () - Vop(x)de = — / VQr€z(x) - Vuy(z)dz for all vy, € S,;O(Q), (3.11)
Q 0

where Qy, : H'(Q) — SL(Q) denotes a quasi-interpolation operator [35]. Since the per-
turbed variational problem (3.11) admits a unique solution @, € Sy ((2), a finite element

approximation Sz of the solution operator Sz = ug + £z can be defined by
Sz = Top + Quéz. (3.12)

Lemma 3.3 The approzimate solution operator S : HY/2(I') — Ly(Q) as defined in (3.12)
is bounded. Moreover, if we assume z € H'*™(T) and ug € H'**() for some s € [, 1],
then there holds the approximation error estimate

||SZ - §Z||L2(Q) S Ch28 [|UO|H1+5(Q) + ||Z||H1/2+s(p)] . (313)

Proof.  The boundedness of S : HY(T') — L,(Q) follows from the stability of the
finite element approximation scheme, and from the boundedness of the quasi-interpolation
operator @ : H'(Q) — SL(Q2) € HY(), see [35]. The error estimate (3.13) follows from
the application of the Strang lemma, see, e.g., [4] or [36, Theorem 8.2], the Aubin—Nitsche
trick, see, e.g., [36, Lemma 11.3], and by using the L, error estimate of the linear quasi—
interpolation operator @, see [35]. [ ]

In the same way as above we may define a finite element approximation of the particular
solution uy, i.e., us) € S}MO(Q) is the unique solution of the Galerkin variational problem

/ Vugp(x) - Vop(x)de = / f(@)on(x)dz  for all vy, € S ()
Q Q
satisfying the error estimate

lup — uppllra@) < B |lug|lmes@ (3.14)

when assuming u; € H'™(2) for some s € [1,1].

3.2 Adjoint boundary value problem

Next we consider a finite element approximation of the adjoint solution operator 7 = S*
as defined in (2.13), i.e., of

T(z) = —8i p(z) forz el

10



where p € H}(€) is the unique solution of the variational problem (2.15). The finite
element approximation of (2.15) is to find pj, € S}, ;(€2) such that

/vah<l’) -Voup(x)dr = /Qw(sc)vh(x)da: for all v, € Sj o(9). (3.15)

Again, we conclude the unique solvability of the Galerkin formulation (3.15) by means of
Cea’s lemma, as well as the quasi-optimal error estimate

lp = pullan@) < b [plmse@) < e [Py, (3.16)
when assuming p € H'*(Q) for some o € [1,1]. Now we are able to define an approxima-
tion 7 = 8™ of T = S*, 1 € Lo(), by

(T,w)r = —/ Vpn(x) - VEw(z)dx + / Y(x)Ew(z)dr for allw € HYX(T).  (3.17)
Q 0

Lemma 3.4 For 1 € Ly(Q) let 7 = S* be the approzimation as defined in (3.17). Then,
S* 1 Ly(Q) — H~Y2(T) is bounded, and there holds the error estimate

(8" = Sl -r2ry = 17 = Tllm-120y < b7 |9 1) (3.18)

if p € H(Q) for some o € [3,1] is satisfied.
Proof. Both the boundedness of 8* : Ly(Q) — H~Y2(I') and the error estimate (3.18)

follow from the finite element error estimate (3.16) when using duality arguments and the
inverse trace theorem. |

3.3 Approximation error estimates

By using the finite element approximations S and S* as defined in (3.12) and (3.17),
respectively, we can introduce the finite element approximations

fg = 0D+ 8*S, §:= :S’V*(ﬂ—uf,h) (3.19)

to be used within the perturbed variational inequality (3.6). For the application of Theo-
rem 3.2 we need to estimate the related approximation error.

Lemma 3.5 For z € H'/?™(T), s € [3,1], let Sz = ug + Ez € H™(Q) be the solution
of the Dirichlet boundary value problem (2.4). Let p € H™(Q), o € [5,1], be the weak
solution of the adjoint boundary value problem (2.14) with v = Sz. Then there holds the
error estimate

1T, = To)ellamvay < o1 82ty + 2B [luollmseiay + 2l mvaeery] - (3.20)

11



Proof. By the triangle inequality and by using the boundedness of S* Ly(Q) — HV2(T)
we have

(T, = To)zll -2y 1(8°8 = 8*8)zll e

< (s 3*)32!\1{ 2(r +HS*(3 )zl m-12qry
< (S =88zl + S NS = 82l
The assertion now follows from the error estimates (3.13) and (3.18). n

Lemma 3.6 Let uys), € S,io(Q) be the finite element approximation of the particular so-
lution uy € H'(Q) for some s € [§,1]. Let pg,p,, € H'T(Q), o € [3,1], be the weak
solutions of the adjoint boundary value problem (2.14) with ¢ =@ and v = uy, respectively.
Then there holds the error estimate

lg = Glli-12my < e h* [lugllmss) + c2 b7 [[TllLow) + lugllza@)] - (3.21)
Proof. From the triangle inequality we first have
lg = dllg-120y = IS"(@—uy) =S (@ —upn)llg-12m
< 1S = EYllgvaqey + 18 (wpa — upllivogey + 1S~ SYugllvagey.

The assertion now follows from the boundedness of S* : Ly(€2) — H/2(T'), and the finite
element error estimates (3.14) and (3.18). For the application of Lemma 3.4 we need to
assume pyg, pu, € H 1+o(Q2) for some o € [1, 1], where p; and p, ; are the weak solutions of
the adjoint boundary value problem (2.14) with ¢ =@ and ¢ = uy, respectively. ]

It remains to prove the S} (T')-ellipticity of the finite element approximation TQ. This will
be a consequence of the matrix representation of 7, as discussed in the next subsection.

3.4 Approximate variational inequality

Now we are in a position to describe the finite element approximation of the perturbed
variational inequality (3.6) to find z, € U}, such that

Q<Df2vh, Wwp — gh>F + <§*<§§h + Ufn — ﬂ), wp — Eh>p Z 0 for all wp, € Z/{h .

Note that u, = Sz, + upn € SL() is the unique solution of the Galerkin variational
formulation

/ Vup(x) - Vop(z)de = / f(x)vp(x)dz  for all vy, € Si,o(Q)- (3.22)
Q Q
By using
Mr Mr
ZUI ker() + Z Zomare(r), F(@) =) ZIdu(x), b= Orgrars
— =1

12



the variational formulation (3.22) is equivalent to the linear system
Kiuy+ Kerz = [, (3.23)

where
Ki1lj, k] Z/V%(SL’)'V%(SU)dL Keilj, 0 :/VwMQH'V%(SU)dSU,
Q Q

fork,j=1,...,Mq, {=1,..., Mp, describe the standard finite element stiffness matrices,
and

fr; = / f(@)pj(x)dx forj=1,..., M.
0
Next we consider, by using (3.17),
<§*(§3h tupy — W), wy — Zp)r = <§*Uh> Wh — Zn)r

= —/ Vpn(x) - VE(wy, — zp) (x)dx + / [up(x) — u(x)]E(wy — Z) (x)dx,
0 Q

where py, € S} 4(©2) is the unique solution of the variational problem

/QVph(:L’) -Vap(z)dr = /[uh(:c) —u(x)|qn(x)dz  for all ¢, € S} ().

Q

Hence we conclude the matrix representation
(S*(Szn +uypn — 1), wn — Zn)r = (—Kiop + Micu; + Mecz — 9o W — Z),
where
Kpp = Mpu;+ Moz —g,
Note that the matrices defined by

Mislj. k) = / oul@)e; (2)de,  Mealj, 0] = Miclt, 5] = / orterse(2) 05 (@)

fork,j=1,...,Mq,¢=1,..., Mp and

Mcclj, f) = /cpMQM(x)cpMQH(x)dx for j, 0 =1,..., Mr
Q

are the standard finite element mass matrices. Moreover,

grj = /E(x)cpj(x)dx forj=1,...,Mq, gce¢= /ﬂ(x)cpMﬂH(x)dx for ¢ =1,..., Mr.
Q Q

13



Let Dj, be the Galerkin matrix of the hypersingular boundary integral operator D, i.e.,
Dh[jag] = <D¢£7¢j>f‘ fOI'j,EZ]_,...,MF,

which can be computed by using integration by parts, see (2.7) and (2.8). The matrix
representation of the variational inequality (3.6) is then given by the discrete variational

inequality
o(Dnz, w—Z2) + (= Kiep + Miou; + MocZ— g ,w—2) > 0 for all w € RM" — wy, € Uy,

or

(Tonz—g,w—2) >0 forallw e RMr s wy, € U, (3.24)

where
Tyn = oDy + Kic K My K Ker — KoK Mer — MoK Ker + Moe— (3.25)

and
9:=9,— KicKij'g, + KicK;; MK f, — MicKp; [,

Lemma 3.7 The approximate operator TQ = oD + S*S is SHT)—elliptic. In particular,
the matriz T, as defined in (3.25) is positive definite, i.e.,

(Tozn, 2n)r = (Tonz,2) > 1 2nlinagy  for all 2, € SHT) < z € RM,

Proof. For z € RMr and by defining u = —K};' Ko7z we have

(Tonz,2) = ([KieK MK Ker — KieKp Mer — MicK Ker + Moc + 0Dy)z, 2)

= (MyKj'Keiz, Ki' Kerz) — (Morz, Kif Kerz) — (Mie K Kerz, z)
+(Mccz, z) + o(Dnz, 2)

= (Mju,u) + (Mcrz,u) + (Mo, z) + (Mcocz, 2) + 0(Dhz, 2)

- (( ]]\\jllé’ z\j\jgé ) (i)(i)) +0(Dz, 2).

Since the mass matrix
M, = M Mer
Mic Mcc

is positive definite, the assertion follows. [ ]

In the particular case of a non—constrained minimization problem, instead of the discrete
variational inequality (3.24) we have to solve the linear system

Tg,hg = ga



which is equivalent to the system

M Kp —Mecr Ur —9;
Kir Ker p = il . (3-26)
Mic —Kic Mcc + oDy z 9o

Note that the coupled linear system (3.26) also results from a direct finite element approx-
imation of the adjoint boundary value problem, of the primal boundary value problem,
and of the optimality condition.

3.5 Regularity and error estimates

Since the operator T, : H/2(I') — H~Y2(T) is invertible and self-adjoint, we can rewrite

the reduced cost functional J as defined in (2.18) as
- 1

_ 1 _ _
J(’Z) = §<TQ’Z -9, — TQ 1g>F + §Huf - uH%Q(Q) - <Tg lgag>ru

in particular we have

. . —1 i -1
¢ = argmin flw —T,"gllr, = BT, g,

where Py, : HY/(T') — U C HY*(T') is the associated projection operator in H'/2(T"). By
introducing § =T, 'g € HY2(T), ug = S¢ +uy, and 7 = S*(ue —u) € H-/?(T') we obtain

z2=Py, oDE+T=0, T= —gp, (3.27)
on
where
—Ap(x) =ug(z) —u(z) forx e, px)=0 forzel,
and

—Aue = f(zx) forzeQ, wug(zr)=¢Ex) forxel.

Proposition 3.8 Let Q) be either a bounded domain with smooth boundary I' = 02, or a
polygonal or polyhedral domain. Assume W € Ly(2) and f € Ly(S2). Let z € HY*(T') be
the unique solution of the variational inequality (2.19), let u € HY(Q) be the associated
state which is defined as the unique solution of the primal boundary value problem (2.2),
and let p € H(Q) be the unique solution of the adjoint boundary value problem (2.14) with
¥ =u—1u. Then,

pe H'Y(Q), ze€ HP2T), wue HM(Q),

where 0 = 1, when  has either a smooth boundary I', or when € is polygonal or polyhedral

but convexr. For a polygonal or polyhedral but non—conver domain we have o < oy with

oo € [%, 1] which is limited by the largest interior angle. In particular for n = 2 we have
™

09 = min —,
7j=1,...,J O[]
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where o are the interior angles at all corner nodes x; € T.

In the case of a smooth boundary I' we also have @ = 1, while in the case of a polygonal
or polyhedral domain we have ¢ < Ty with oy € [%, 1], which is limited by the largest
interior or exterior angle when considering a polygonal or polyhedral domain. In particular

for n = 2 we have
_ i | T
0p := min < min |—, .
j=1,....J a; 2m — a

Proof. The solutions of the optimal control problem are characterised by the relations
as given in (3.27). For the solution of the adjoint boundary value problem we first find
p € H™(Q), where 0 = 1 if Q has a smooth boundary T' = 99, or € is polygonal
or polyhedral but convex. For a polygonal or polyhedral but non—convex domain €2 we
have 0 < oo with oy € (3,1) depending on the largest interior angle ; of I'. From
the trace theorem we then conclude 7 € H°~'/2(T") where in the case of a polygonal or
polyhedral domain this has to be considered piecewise. From the mapping properties of
the hypersingular boundary integral operator D we then conclude ¢ € H°F'/2(T) in the
case of a smooth boundary, and ¢ € H°"/2(T") in the case of a polygonal or polyhedral
domain €, see [9]. Finally, the boundedness of the projection Py, : H"(I') — H"(I") for all

r €[5, 3] follows as in [5], see also [6, 26]. n

Now we are in the position to present the final error estimate for the approximate solution
zZp, of the variational inequality (3.6).

Corollary 3.9 Let z € H° /(') for some & € [3,1] be the unique solution of the vari-
ational inequality (2.19). Let z;, € Uy, be the unique solution of the perturbed variational
inequality (3.6). Then there holds the error estimate

12 = Zull g2y < oz, f) h. (3.28)

Moreover, we have ~
= Zallay < oz, f) RV, (3.20)

Proof. The error estimate (3.28) follows from Theorem 3.2 by using the approximation
error estimates (3.20) and (3.21). By using the Aubin-Nitsche trick for the perturbed
variational inequality (3.6) we obtain the error estimate (3.29). n

From the error estimate (3.29) we also conclude, by applying the Aubin—Nitsche trick for
the primal boundary value problem (2.2), the error estimate

= wnll oy < ez, f) R, (3.30)

Moreover, by using using the Aubin—Nitsche trick for the adjoint boundary value problem
(2.14) with ¢» = u — u we also obtain the error estimate

Ip = pullLo) < (23, f) h* (3.31)
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4 Numerical results

As numerical example we consider as in [7], see also [29], the Dirichlet boundary control
problem (2.1)-(2.3) for the domain Q = (0, 3)? C R? where

u(z) = (af +23) 7P, fl@)=0, 0=1, [gag)=[-12].
From Proposition 3.8 we obtain with oy = 1 and 7y = 2/3 the regularity results
pe H*(Q), z€ H/ST), ue H3Q),
and therefore, by using the error estimates (3.29), (3.30), and (3.31),
Iz = znllay < eh™%, lu—unllra@) < k™2 P = prlla) < ch®. (4.1)

For the finite element discretization we introduce a uniform triangulation of {2 on several
refinement levels L where the mesh size is h;, = 27+, where for L = 0 the coarsest level
is given by 4 uniform triangles. Since the minimiser of (2.1) is not known for this example,
we use the finite element solutions (2p,, up,) on the 9th level as reference solutions.

|2 — 2hollo) | €0C | |lun — ungllz,(0) | €0c | |lpn — Phollra(e) | €0cC
1.34e-03 2.73e-04 1.45e-04
5.33e-04 1.33 9.25e-05 1.56 4.71e-05 1.63
2.08e-04 1.36 2.76e-05 1.74 1.39¢-05 1.76
8.00e-05 1.38 7.65e-06 1.85 3.85e-06 1.85
3.14e-05 1.35 2.08e-06 1.88 1.02e-06 1.92
1.25e-05 1.33 5.74e-07 1.86 2.55e-07 2.00
4.55e-06 1.45 1.49¢-07 1.95 5.48e-08 2.22

00~ O Uk W |

Table 1: Finite element errors for the Dirichlet control problem in H/ 2(T).

In Table 1 we give the finite element errors for the control variable z in the Ly(I')—norm,
for the primal variable u and for the adjoint state p in the Ly(£2)-norm. For the latter we
observe an estimated order of convergence (eoc) of 2 as predicted in the error estimates
(4.1), while the estimated order of convergence for the control z and for the state u behave
slightly better than predicted.

For comparison we present in Table 2 the numerical results when considering the Dirich-
let control problem in Ly(T"), see also [7, 29]. While we obtain a quadratic convergence
behaviour for the adjoint state p with almost the same values, the convergence rate for
the control z and therefore also for the primal variable u changes significantly. The main
reason for this different convergence behaviour lies in the optimality condition: Instead of
(3.27) we now obtain the optimality condition

0
=P = = ——n. 4.2
z Z/lga Qg + 7 07 T 8np ( )
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[2h — 2ho llLar) | €0C | |lun — ungllLo() | €0C | |[Ph — Phollra@) | eoC
3.20e-02 0.91 6.76e-03 1.45 4.92e-04 1.61
1.84e-02 0.80 2.66e-03 1.35 1.38e-04 1.84
1.05e-02 0.80 1.05e-03 1.34 3.63e-05 1.92
6.07e-03 0.80 4.20e-04 1.32 9.34e-06 1.96
3.53e-03 0.78 1.69e-04 1.31 2.35e-06 1.99
2.07e-03 0.77 6.85e-05 1.30 5.71e-07 2.04
1.14e-03 0.85 2.57e-05 1.41 1.20e-07 2.25

00~ O T W N

Table 2: Finite element errors for the Dirichlet control problem in Lo(T).

Indeed, for the given u we obtain z € H?*3(T") only, instead of z € H7/5(T") when consid-
ering the optimality conditions (3.27). Moreover, from the optimality conditions (4.2) we
conclude, that z is zero in all corner points due to the zero Dirichlet boundary condition
of the adjoint state p. Hence we obtain a zero control z in all corner points independent
of the target function %. Instead, when considering the control in H'/2(T"), the application
of the hypersingular boundary integral operator D reflects the proper mapping properties
of the Dirichlet to Neumann map in (3.27). This results in a more feasible Dirichlet con-
trol in corner points. For illustration we give the plots of the states u in Fig. 1 for the
H*'Y2(T) setting, and in Fig. 2 for the Ly(T) setting. Note that for this example we used a
stabilized hypersingular boundary integral operator [36] and different values of ¢ to ensure
comparable values for the tracking functional ||u — | 1,(q).

——————

——————

Fig. 1: State u for the control in HY/2(I')  Fig. 2: State u for the control in Ly(T)

Note that the box constraints [g4, gs] = [—1, 2] as considered in this example are not active,
i.e., we have to solve the coupled linear system (3.26), or the related Schur complement
system. Since the Schur complement fg,z defines an equivalent discrete norm in H'/?(T),
appropriate preconditioners can be constructed, e.g. by using multilevel methods. For
the solution of the discrete variational inequality (3.24) one may consider either multigrid
methods, see, e.g., [18, 34], or semi-smooth Newton methods, see, e.g., [23, 41]. Note that

18



for the approximation of the operator T, : HY/?(I') — H~Y2(T) as defined in (2.17) we
may also consider boundary element methods which require an appropriate handling of
the inhomogeneous adjoint partial differential equation in (2.14). The stability and error
analysis of the resulting boundary element approach for the solution of Dirichlet control
problems is discussed in [33].
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