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Boundary integral formulations for the forward
problem in magnetic induction tomography

S. Engleder, O. Steinbach

Institut iar Numerische Mathematik, TU Graz
Steyrergasse 30, 8010 Graz, Austria

Abstract

In this paper we present two models for the forward problem ofmagnetic induc-
tion tomography. In particular, we describe the eddy currert model, and a reduced
simpli ed model. The error between the reduced and the full nodel is analysed in
dependence of parameters such as the frequency and the corafivity. In the case of
a piecewise constant conductivity we derive a boundary intgral formulation for the
reduced model. Finally we comment on numerical results for lhe forward problem
and give a comparison of both models.

1 Introduction

Magnetic induction tomography is a non{invasive and contatess imaging method to deter-
mine the conductivity and permittivity distribution insid e a certain object, like the human
body, see, e.g., [6, 7, 9, 10, 16]. An array of coils is placeda ring around the body
as depicted in Fig. 1. In each coil a time{harmonic current isnduced, which generates
a time{harmonic magnetic eld. This so{called primary magretic eld B, induces eddy

transmitte

g0

receiver
coil

Figure 1: Principle of magnetic induction tomography.

currents inside the body, which perturb the magnetic eld. he reconstruction is then

1



based on the measurement of the perturbed voltage in an array receiver coils around the
body.

To describe the forward problem of magnetic induction tomagphy we use the time{
harmonic Maxwell equations forx 2 R?,

r EX)= ' B(X);r HX)=j(xX)+i! DX);r D(X)=0;r B(x)=0;
where we consider an isotropic and linear material, i.e.,

D(x)="(XEX); B(X)= (HX); j)=]i(x)+ (XEX):

When considering biologic tissues we may assume a constaatrpeability (x) = . The
coil is modelled by prescribing a given impressed currept, of which we assume that it
is not in uenced by the magnetic reaction elds caused by theeddy currents inside the
conducting domain. Hence we conclude

r EX)= it oH(X);r HX=jix)+ (NEX):;r ["EMX]=0;r H(x)=0;

where
x) == (X)+i" (x) (1.1)

is the complex conductivity. When eliminating the magneticeld H we nally obtain
r ir Ex)+il (XEX)= ilj:(x); r ["XEX]=0 forx2R3% (1.2)
0

In particular when considering the inverse problem of magtie induction tomography, for
example by using a standard parameter identi cation approeh, the solution of the forward
problem depends on the boundary mesh only. Hence is seems &aé&natural choice to
use a boundary integral equation approach for the approxinba solution of the forward
problem [18, 19], for nite element methods, see, e.g., [115, 23].

This paper is organised as follows: In Sect. 2 we describe tmathematical model of
the forward problem, i.e. the material parameters and the naelling of the excitation coils,
and we discuss the eddy current model and a reduced simpli edodel. Bounds for the
approximation error of certain quantities computed with tre reduced and the eddy current
model are presented in Sect. 3. In Sect. 4, a boundary eleméwmtmulation for the reduced
model is given, and some numerical results in Sect. 5 conatuthe paper.

2 Eddy current model

In this section we formulate the forward problem of magnetimduction tomography (MIT)
by using the eddy current formulation. The use of the eddy coent model is justi ed
since the wavelength for operating frequencies of MIT systes, which lie typically between
10 MHz and 100 MHz, is in the range of some micrometers, so thawslength is small
compared to the size of the conductor.



Let R3 be a bounded domain, which represents the conducting obje@nd let

¢ = R®n be the exterior domain, where we assume a non{conducting nterial, e.g., air.

For x 2 ¢ we therefore assume (x) = 0. The eddy current model of magnetic induction

tomography is obtained by neglecting the displacement cwents D in the non{conducting

material domain ¢, i.e. we set"(x) = 0 for x 2 ¢ Hence we can rewrite the partial
di erential equation (1.2) as a system of two coupled equaihs,

r ir ExX)+il (X)EX)= i'j;(xX); r ["XEX)]=0 forx2 ; (2.1)
0

and 1
r —r EMX) = ij,(x) forx2 ¢ (2.2)

where we introduce the gaugc])ing condition
r E(x)=0 forx2 < (2.3)
In addition we assume radiation conditions at in nity, i.e,
Ex)=0(@(xj H; r E®X=0(xj 3 asjxj!1l (2.4)
Moreover, we have to include transmission boundary conditns forx 2 = @,
[ (X) Nylixe =0; [H(X) nylixe =0;

which can be rewritten as
[ (X)E(X) nylix2 =0; ﬁ[(r E(X)) nylixe =0: (2.5)
Note that the jump is given by
VOOle = Cg!lgr'n X2 v(E) 3>|<*i!mx2 v(%):
For the solution of the transmission problem (2.1){(2.5) wentroduce the decomposition
E (X) = Es(X) + Ep(x); (2.6)

where E , denotes the primary eld generated by the exciting coilC without the presence
of a conducting object. CorrespondinglyE s is the secondary or reaction eld caused by
the presence of some conducting material. In particular, thprimary eld E is a solution
of the partial di erential equations

rr Ep(X)= il oji(X); 1 Ep(x)=0 for x2 R?
which can be written as

Ep(x) = il of(x) forx2R*:
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Hence we obtain a particular solution by the Newton potentia

Z
. 1 ji(y) 3
E = 0 o— —"dy f 2 R 2.7
)= it op S Edy forx (2.7)
Hence, instead of (2.1) and (2.2) it remains to solve the folving system of partial di er-
ential equations, i.e., forx 2

L Es()+il (X)Es(x) = it (X)Ep(X); 1 ["(X)(Es(x)+Ep(x))]=0; (2.8)
0

and
rr Es(x) =0; r Es(x)=0 forx2 ¢ (2.9)

and with the radiation conditions
EsX)= O(xj b); r Es(x)= O@(xj 2 asjxj!l : (2.10)

If we de ne
H(cur; R?) = U 2Ly(R3;r U 2LyR% ;

the variational formulation of the transmission problem (28), (2.9), and (2.10) reads to
nd Es 2 H(curl; R® such that

1 z z Z
— (r Es() (r F())dx+il (Es(x) F(x)dx = i (X)E p(x) F (x)dx

3

0 R (2.11)
is satis ed for all F 2 H(curl; R®). The null space of the variational problem (2.11) can be
characterised by the functionE. (x)=0for x2 and E.-(xX)=r "' (x) for x 2 ¢, where
' is the unique solution of the exterior Dirichlet boundary véue problem

"(X)=0 forx2 ¢ '(x)=1 forx2 ; '(x)=0(@xj ') asjxj!1

We assume that the boundary = @ has only one connected component. The varia-
tional formulation (2.11) of the transmission problem (2.5(2.10) is therefore not uniquely
solvable. Hence we introduce the gauging condition

z

E(X) nyds, =0; (2.12)
which corresponds to the conservation of charge. We de ne
Z
V= E 2H(curl;R®:divE(x)=0 forx2 ¢ E(x) nyds, =0

The variational problem (2.11) then admits a unique solutio E5 2 V, see [1, 3].



3 A reduced model

The solution of the forward problem using the eddy current mael as described in the
previous section is computationally rather expensive. Sie in most solution algorithms
for the inverse problem the forward problem has to be solvediide often, we are interested
in a simpli ed model which also allows a more e cient solution of the forward problem.
For this we write the transmission problem (2.8){(2.10) in erms of theA{ {formulation
[2]. SinceB is divergence{free, we can represent the magnetic ux dehsiB as the curl
of a magnetic vector potentialA ,

B(X) = oH(X) =curlA(x) forx2 R

From
curlE(x)= 11 ogH(X)= 1 curlA(x)

we conclude the existence of a scalar potentialsatisfying

E(x)+ il A(x)= r (x) forx2 R3
where is uniquely determined by the Coulomb gauge

divA(x) =0 for x 2 R*: (3.1)
By using the decomposition (2.6) we can write the primary & E, as
Ep(X)= il Ay(x) forx2R3

while for the secondary eldE s we obtain

Es(X)= il Ag(x) 1 (x) forx2 R
Note that Z
0 ji(y)

- U Ji\J/ 3
Ay(x) = 4 wix yjdy forx 2 R

is a solution of the partial di erential equations

r ir Ap(X)=ji(x); r Apx)=0 for x2 R%: (3.2)
0

Now we can rewrite the eddy current model (2.1){(2.4) fox 2 R® as

e L As(x)+ (X[ As(x)+ 1 (X)] it (X)Ap(x); (3.3)
0
rAs(x) = 0: (3.4)
When applying the divergence operator to equation (3.3), th gives

Lo AT ()] = i [ (AX)] forx2 (3.5)
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In addition, we rewrite the transmission boundary conditia (2.5) in terms of A and and
obtain
! (As(X)+ Ap(x))+ 1 (X)] ny =0 forx2 : (3.6)

In the parameter range of magnetic induction tomography nusrical examples [5] indicate
that A is very small compared ta . Therefore we neglecf ¢ in (3.5) and (3.6), i.e. we
nally conclude the Neumann boundary value problem

[ OOr &)l
@,
() g &)

it r [ (X)Ap(x)] forx2 ; (3.7)
it (X)Ap(X) ny forx2 ; (3.8)

where € now denotes the potential in the reduced model. Sin&is not uniguely determined
by the Neumann boundary value problem (3.7) and (3.8), we imbduce the scaling condition
z
€(x)ds, = 0: (3.9)

Moreover, by neglectingA s in (3.3) we obtain

r ir Bsx)= [ Ap(X)+r1 €&X); r Asx)=0 for x 2 R
0
ie.
Bx)= o X[ Ay(x)+ 1 €x)] forx2 R*:
Hence we conclude
Z
_ o it Ap(y) + 1 &) .
B (x) = T (y) pjx Ji dy forx2 R®: (3.10)

The electric eld can nally be obtained by
E.(x) = il Bg(x) r €(x) forx2 R%: (3.11)

This means that the solution of the full eddy current model rduces to the solution of
a Neumann boundary value problem for the Laplace equationnd the evaluation of a
Newton potential. Both models are summarised in Table 1.

It remains to estimate the error when considering the redudemodel instead of the eddy
current model, see also [17]. In particular we have to considthe di erences € and

As KA, respectively. For this, we rst introduce the Newton potetial operator

1 uy)
4 jx ]

(Nou)(x) = dy forx 2

In the case of a vector{valued functioru we consider the Newton potentiaNou component{
wise.



Reduced model

1i(y)

= 0 Jiv) 3.
Ap(x) = 7 ix yjds,y for x 2 R7;
r [ )rex)] = it r [ (xX)Ap(x)] forx 2 7
(x)@—%e(x) = il (X)Ap(x) ny forx2 ; €(x)dsx =0;
A
_ 0 it Ap(y) + 1 S(y) 3.
Bs(x) = T (y) ij Ji dy forx 2 R3;
Bs(x) = ' Bs(X) r ©€(x) forx2R3

Eddy current model

Jily). i(y).dy for x 2 RS

i -9
4 majx i

E p(X)

r ir Es(x)+ il (X)Es(X) il (X)Ep(x) forx2
0

1

r —r Es(x) = 0 forx2 ¢
0
r ["(X)(Es(x)+ Ep(x))] = 0 for x2
r Es(x) = 0 forx2 ¢

Table 1: Comparison of the reduced model and the eddy curremtodel.

Lemma 3.1 Assume B (0). The Newton potential operatorNg : L() !

bounded satisfying
kNOUkLz() r?
KNok := sup ———— — .
° uszl?) kuk,,() 3

Proof. By using the Helder inequality we have

z z ,

17 ) 1, 1
— - _dy dx — kuk —d
a x v 4 )20 x v

The assertion then follows from Schmidt's inequality, i.e.

z 1 z 1
—— d —— d 4r forx 2 R®:
ix yj? Y B0 JX Yi? Y

La()

dx:

is



In particular we have
Z Z 1 z Z i
. — dy dx 4rdx 4rdx = (4 ) —;
x yi? B (0) 3
which concludes the proof. [ |

Let A be the solution of the eddy current model (3.3){(3.4), in paricular by using (3.4)
we can rewrite (3.3) as

As(x) = o ([ As(x)+ il Ap(x)+ 1 (x)] forx 2 R3: (3.12)
Hence we can writeA s as the Newton potential
As(x) = oNo( (i Ag+ it Ap+r1 ) (3.13)
Correspondingly, we have
KRs(x)=  oNo( (! Ap+r1 ©) (3.14)
wherer €is chosen such that
div&¢(x) =0 for x 2 R®: (3.15)
We therefore conclude
A K= oNo( (i' As+r )); = e (3.16)

Theorem 3.2 Let us de ne

q - : o
min := inf < (X)2+inf =( (X))2;  max :=Supj (X)j
X2 X2 X2

and X
r

qg:= o! max 1+ = o

min 3

Let ; € 2 HY() be the weak solutions of the Neumann type boundary value [@ois
(3.5 (3.6) and (3.7){ (3.8), respectively. Then there holds the error estimate

kr k|_2() Aoy kAskLz() . (3.17)

min

If we assumeq < 1, then there holds

KA kL, ﬁkApkLz() : (3.18)

and
2

KAy Rk -0 S KAL) (3.19)




Proof. From (3.5) and (3.7) we rst conclude that := € is a solution of the partial
di erential equation

r [ r X)]=1itr [ (X)As(x)] forx2
with the Neumann boundary condition

(%) @—@z (xX)+ i As(x) no, =0 forx?2

Hence, for 2 H?() the weak formulation of the above Neumann boundary valueproblem

r%ads 7 7
O (0 1 (dx = 1 [ (0A] (dx+ (X)@_@; (x) (ds,
Z Z
= W AW -2 0 ds 1 (AX) T (x)dx
Z @R

i! (X)As(x) r (x)dx:
For = we therefore have

Z z
(X)jr  (x)j%dx = il (X)As(x) r  (x)dx;

from which (3.17) follows, i.e.
kr kLz(!) max ! kASkLz() .
min
Moreover, with (3.13) and by using Lemma 3.1 we further have
kASkLz() = OkNO( (II Ag+ ! Ap+ r ))kLz()
r2 . :
0 max197_3k|! As+ il Ap+r K,

r-2
0 maxp—:_% ! kAskLz() + kApkLz() + kr k|_2() : (320)

The variational formulation of the Robin type boundary valie problem (3.5) and (3.6)
reads, forZ 2 HY(),

)r (x) r  (x)dx
Z Z

r [ O)(AR(X) + As(x)] (x)dx + (X)@—@Q (x) (x)dsy

(0 1 (A A) e+ @—@; ®)  (0ds,

i! CA(AR(X) + As(X))] 1 (x)dx

il A+ As(D] T (x)dx:



For = we therefore have
Z Z
()jr - (¥)j%dx =il (Ap(X)+ As(x)) 1 (x)dx;

from which the estimate

kr ki) T kAR + Askiy()

min

follows. From (3.20) we therefore conclude

r-2
kAskLz() 0 maxp_g! 1+ ™= kAskLz() +kAPk|—2() :

min

which immediately results in the estimate (3.18) when we assie q < 1.
Finally, by using (3.16) and Lemma 3.1 we have

kKAs Aski,o = okNo( (i As+r  )ki,
r2 .
op?_gk (II As+r )k|_2()

r2
0 maxp_g !kAskLz() + kr kLz()

r2
0 maxp_,g! 1+ = kASkLz() = qkASkLz()

min

due to (3.17). Now, (3.19) follows from (3.18). [ |

Remark 3.1 As an example we may consider a test problem with the follogvparameters:
01 (x) 1 forx2 ; Bo1(0); ! =10°:

In this case, we have

2
q=7:98 10 3 1q S=64210% KAk, 3609 10
where the last result was obtained by using some nite elerhéiscretization.

Corollary 3.3 In addition we have an estimate for the error in an arbitrary gint x 2 R3

q2
qkA pkLz(Br(O)) . (321)

JAs(x)  As(x)]
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Proof. By using (3.16) we have, fox 2

i As(y)+r (y)Oly
X i

Z
A R = 22 ()

1 1=2
. —d
Xy
4— max W !kASkLz() + kr k|_2()

4—°k (it As+ 1 )k,

0 P— max P
4_ max 4 r! 1 +

12r
KA ski,()

min - 4r 2 qkASkLZ()

The quantity, which is measured in magnetic induction tomogphy is the voltage in the
receiver coilC, i.e., 7
V=  Bs(X) nyds:
C
Hence we need to evaluate
Z

Bs)=r  As()= 7 O«

ix [t Ap(y)+ ry (y)ldy forx2C: (3.22)

By using integration by parts, and by using

1 1
Xy Xy
the volume integral in (3.22) can be reformulated as
3 Z Z
By(x) = -2 il My - Ay(y)d ry- T d
s(X) 1 ~ k k Y p(y)dy k YiX Y] y (y)dy
W z
_ 0 ry (y) ny :
= — i! I x- - A d ——=—2>ds, ;
i TRy p(y)dy TR Sy

wherer y (y) nyfory2  denotes the surface curl of the function.

4 A boundary element method for the reduced model

In this section we derive a boundary element formulation fahe reduced model as described
in the previous section. The variational formulation of theNeumann boundary value
problem (3.7), (3.8) and (3.9) is to nd €2 H() such that

Z Z Z Z

xX)r €x) r (x)dx+  €x)ds, (x)ds, = il (X)Ap(X) r (x)dx (4.1)
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for all 2 HY(). For a piecewise constant conductivity (x) we consider a non{
overlapping domain decomposition
B L [?
= ki k' ~=,forké " g= b k= @K, (X)= kforx2
k=1 k=1

Instead of the global Neumann boundary value problem (3.7)d (3.8) we now consider
the local boundary value problems, by using (3.2),

k §,=0 forx2 ; k@—@?ae(x): il KAp(X) ny forx2 \ ; (4.2)
together with the transmission boundary conditions, see (2),
@ @ . |
— + —F€ = | 1. .
k@Q (X) @n (X) i1 KAp(X) ne it CAR(X) no forx 2 o\
Thus we can rewrite the variational formulation (4.1) as
w Z @ Z Z X Z
k= 8(x) (X)dsc+ E(x)ds,  (X)ds, = il kAp(X) n] (x)dsq:
k=1 K @n k=1 k

For the solution of the local partial di erential equation in (4.2) we use the local Dirichlet
to Neumann map
2280 = (SO forx2 = @
whereS, : H¥2( ) ! H ¥2( ) is the associated Steklov{Poincae operator [21]. Let
H'¥2( s) := H!() ; , be the skeleton trace space dfi’(). We then have to solve a
variational problem to nd €2 H*2( ) such that
w Z Z Z w Z
ko (SO(X) (dsc+ E(x)ds,  (x)ds, = il kAp(X) ni] (x) dsy
k=1 k k=1 k
(4.3)
is satised for all 2 H¥2(). Since the bilinear form in the variational formulation
(4.3) is bounded andH 7?( s){elliptic, see, e.g. [12], unique solvability of the varitonal
formulation (4.3) follows.
To describe the application of the local Steklov{Poincaeoperators which are involved
in the variational formulation (4.3) we use the symmetric bandary integral operator rep-
resentations

(S8 )00 = Dt (51 +KO TG +K) & ,(x) forx2 ;  (44)

where 1 Z
Viw)(X) = — : -W dS, forx 2
( k )( ) A Xy (y) k

12



is the single layer integral operator,
Z

Koy = =~ 2

— -v(y)d forx 2
2 _@pix Y] (y)dsy k

is the double layer integral operator, and
Z
1@ @
4 @r , @pjx ]

is the so{called hypersingular boundary integral operatorThe mapping properties of all
boundary integral operators and therefore of the local Stek{Poincae operators Sy are
well known, see, e.g. [4, 13, 14, 22].

For a symmetric boundary element discretization of the vaational formulation (4.3)
we introduce a sequence of admissible boundary element messhs.;, with a globally quasi
uniform mesh sizéeh. Let S}( s) be the associated boundary element space of piecewise lin-
ear continuous basis functions;. By S}( «) = S}( s); , we denote the localised boundary
element space of local basis functioris.;, and by " A _ we describe the localisation
of the global degrees of freedom. The symmetric boundary mlent approximation of the
variational problem (4.3) results in the linear system, see.g. [21],

(Dv)(x) =

v(y)ds, forx2

xP N X N
kAk Sk;hAk_ = i! kAk f_k’ (45)
k=1 k=1

where L .
Skin = Dicn + ( éMk>;h + K;;h)vk;hl(éMk;h + Kin)

are the discrete Steklov{Poincae operators. Note that

Dinl;i] = Mk wis' kil
Vieh[sm] = WV kms w0l s
Kinl51] = MK wir kel s
Min[51] = Hois o«

are local boundary element matrices, an@’( ) are local boundary element spaces of,
e.g., piecewise constant basis functiong.. Moreover, the right hand side in (4.5) is given
locally as 7
fij = [AKG) Nk (X)dse:
k

The stability and error analysis of the symmetric boundary lement discretization of the
variational problem (4.3) is well established, see, e.g.1]R and the references given therein.
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5 Numerical results

As conducting domain we rst consider the cylinder
= fx2R%x2+ x3< 0:1; 0<x3< 0:2g;

where the transmitting coil is modelled as a current loop ofadius Q04 which is centred at
( 0:14;0;0:1)”, see Fig. 2. The vector normal to the current loop points intthe direction
of the x{axis, i.e., ny, = (1;0;0)”. Inside the cylinder we place a ball with radius = 0:02,
whose centre lies in the point ( 0:06; 0; 0:1).

Cylinder mesh jin (Ej  n)j]

Figure 2: Mesh of the cylinder and the magnitude of the tangéal electric eld on .

The background conductivity of the cylinder is = 0:1, and the conductivity of the
inscribed ball is .. Fig. 2 shows the magnitude of the electric eldn (Ej n)j for
inc = 0:1. In Fig. 3 we give a comparison of the reduced model with thalf eddy current
model. For this we plot the real and imaginary part of the norral component of the
magnetic eld B (x) ny along a circle around the cylinder for the frequency = 100kHz,
and for varying conductivities i, 2 f0:1;1;10g. For the reduced modelB (x) ny, was
computed by using the boundary element approach as describi the previous section.
The solution of the full eddy current problem was computed bysing the Finite Element
software packages Netgen [20] and NGSolve
For the reduced model we have (B (x) ny) = 0, while for the full eddy current model
<(B (x) ny) is comparable small. For the imaginary part we obtain a vergood coincidence
between the solution of the reduced and of the full model. Ieed, in Fig. 4 we give a plot
of the error and of the relative error inx = ( 0:141 0:141 0:15) between the normal
magnetic eld computed with the full eddy current model and he reduced model in the
case inc =0:1, and for a frequency range from 100kHz up to 1GHz.
Based on the above results we conclude that the reduced modelcribes an appropriate
approximation of the full eddy current model as used in magtie induction tomography
models.

Lhttp://www.hpfem.jku.at/ngsolve/
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inc =0:1 inc =1 inc = 10

Figure 3: Real (upper row) and imaginary (lower row) parts oB (x) n,, f = 10°.

error relative error

10°

10"

10]45 ‘5 ‘7 ‘H 9 1025 ‘b 7 ‘B 9
10 10 10 10 10 10 10 10 10 10

Figure 4: Absolute and relative point wise error for di erem frequencies.

In a second example we consider the model of a human thorax lwitvo lungs, see Fig. 5.
The volume mesh consists of 83514 volume elements and 156dllime nodes, while the
boundary element mesh consists of 13076 boundary elementsl 548 boundary nodes.
The background conductivity of the thorax was set to the conaktivity of a muscle at
100kHz, i.e., muscle = 0:3618S/m, while the conductivity of the lungs is |;ng = 0:2716S/m,
see [8]. The centre of the transmitting coil was placed in theoint (0; 0:2;0)”, the normal
vector of the coil is given by (Q1; 0)”, and its radius is 005. In Fig. 5 we plot the magnitude
of the tangential trace of the electric eld, i.e.jn (Ej n)j. The eld lines of the primary
magnetic eld B, of the secondary magnetic eldB s are given in Fig. 6.
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Lung mesh in  (Ej n)j

Figure 5: Mesh of the thorax and lungs and the magnitude of thangential electric eld.

Primary eld B, Secondary eldB g

Figure 6: Field lines of the primary and secondary magneticelds.

6 Conclusions and outlook

In this paper we derived two models which describe the forwdproblem of magnetic induc-
tion tomography, an eddy current problem and a reduced modelVe proved estimates for
the error between the reduced and the eddy current model, amee formulated a boundary
element method for the reduced model. Numerical examplesoshthat the reduced model
is a good approximation for the eddy current model in the paraeter range of magnetic
induction tomography.

To be able to reconstruct the complex conductivity distribtion inside the human body
with magnetic induction tomography, an inverse problem hato be solved. For the recon-
struction of the location and of the shape of organs, a shapeconstruction approach in

16



combination with a level set method can be used. For such anm@pach, the application
of boundary element methods seems to be advantageous, sincevery step of the level
set method only the boundary has to be remeshed. The soluti@i the inverse problem
demands a very fast solution of the forward problem on meshegth a high number of de-
grees of freedom. To establish a fast solver for the forwardgblem, fast boundary element
methods may be employed such as the fast multipole method oleharchical matrices.
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