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Abstract The purposeof this paper is a comparisonof two di erent methods that can

be usedfor collision detection. One method is calledthe ray crossingmethod, a commonly
usedgeometricalapproad. The other method is the fast multip ole method, usually used
for boundary elemen methods, which is alsoapplied for collision detection purposeshere.
Both methods are especially of interest whenthe collision for arbitrarily shaped polyhedra
hasto be detected. Here, both methods are descriked and comparedfor di erent examples
of complex shaped polyhedra with up to 5- 10° facesand more than 5- 10° test points

regarding e ciency and required calculation time.

Key words: contact, collision detection, fast multip ole method, boundary elememn method,
ray crossing,moleculardynamics, point-in-p olygon test

1 Introduction

The badkground of this study is the modeling and simulation of bulk good. There, asa brief
badground information and motivation for the following, the calculation of the cortact
forcesthat are applied to the bodiesdue to cortacts are often modelled by meansof the
molecular dynamics (MD) method, where penetrations between bodies appear. Contact
forcesensurea physical behavior of the particles.

In order to simulate the dynamical behavior of a system with di erent bodies and
frequertly changing cortact forces,it is necessaryto know preciselywhich bodies are in
contact. In this paper, the e ciency of two very di erent methods for collision detection
of arbitrarily shaped bodiesis investigated. For arbitrarily shaped bodiesherea frequertly
applied description is used, i.e. the surfacesof bodies are represeted as compounds of
polygonsand are therefore polyhedra.



For an e cien t simulation often collision detection is the bottle ned&. Therefore, it is
essefial to usean e cient method. Originally these methods basically ched for ewvery
body pair, whether a node of one body is inside the other body. This correspndsto the
classicalpoint-in-p olygon test from computational geometry In this study, two di erent
methodsfor collisiondetectionare comparedwith respectto e ciency in computation time.
In order to comparethese methods properly, our investigation foregroundsthe e ciency
of collision detection methods for a seriesof bodies consisting of a very large number of
geometricprimitiv es, since for systemswith only few primitiv es collision detection is not
the critical point.

The two collision detection methods that are usedin orderto nd thesecolliding body
pairs are explainedin Section2. A very unusual approad for collision detection, the fast
multip ole method, is suggestedn Subsection2.1. There, a doublelayer potential of a body
surfaceis evaluated and by meansof this value the decisioncan be madewhether a point of
another body is inside or outside this body. For comparison,in Subsection2.2 a geometric
approad, the ray crossingmethod for collision detection is explained. In Section3 both
methods are comparedusing se\eral test examplesand, nally someresults are compared
and discussedwith respect to geometrically very complicated applications.

2 Collision detection

As soon asneighboring body pairs areidenti ed usingsomekind of sorting phase[1, 2, 31],
the precisebut time consumingcollision detection canbe carried out. For thesebody-pairs
it is necessaryto chedk, whether and which surfacepoints of the bodiesare located inside
another body, i.e. the point-in-p olyhedrontest must be performedmany times. Sincethis
procedureis very time consuming,it is obligatory to usean e cient method in order to
perform this test. In the following, two very di erent methods are explainedthat can be
usedfor the point-in-p olygon cheds.

2.1 Double layer potential and fast multipole method

The rst approad is basedon a special property of the double layer potential of the
boundary elemen method (BEM) and the fast multip ole method (FMM) providing a fast
ewvaluation of boundary integral operators. The main ideais to compute a certain surface
potential in evaluation points, which are herethe surfacenodesto be cheded. Therefore,
wewarnt to investigatean evaluation point, denotedby the position vector x, which is tested
for collision with a body Y, whosesurfaceis discretizedby a boundary mesh consisting
of triangles. The two ingredierts of the method, the BEM and the FMM, are descrited
briey in the following subsectionsand only asfar asrequired for the collision detection.

2.1.1 The double layer potential

Let Y c R? be a bounded, simply connecteddomain with Lipschitz boundary = 9Y.
The position vectors of nodes of this body Y may be denotedasy. For the Laplace
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equation
— u(ly)=0 forally €Y, (1)

the secondGreenidertity

_ / u(y)v(y)dy + / [ny - Vyu(y)] v(y)dsy =

Y

- / o(y)uly)dy + / [Ny - Vyu(y)] u(y)ds, @
Y r

isvalid. Here,n, denotesthe outer normal vector givenfor almostally € , [. e dsy isthe
integral over the boundary descriked by triangles, and v(y) is an arbitrary, su cien tly
smooth function. With the constart solution v(y) = 1 of the Laplaceequation, this formula
is reducedto

—/ u(y)dy + /ny -Vyu(y)dsy = 0. 3)
Y r
For x # y, the fundamertal solution

1 1
4 X — Y|

u(y) = U (x,y) = 4)
of the Laplace operator in Eq. (1) is considered.In order to ensurex # y, which means
that x may not be equalto any point of domain Y, a small neighborhood of x is cut o
from the domain Y by a small sphere|x — y| < . Then, inserting Eq. (4) into Eq. (3) for
the modied domainY \ {y € Y : [x —y| < ¢} leadsto

1 1 1 1
-~ fn,-Vy———ds, = — n, -Vy———d
47r/ Iy T & / r g
r y2Y:jx yj="

11
= E; / dSy . (5)

y2Y:ijx yj="

For arbitrary test points x € R3, the functional J : R? — [0, 1] de ned as

1 1
J(X) = —E/ny 'Vymdsy (6)
r
hasthe property
.11
T =1m 2, = / By “

y2Y:ijx yj="



seeEq. (5), wherethe right hand side describes somekind of solid angle. Note that the
functional J is the double layer potential appliedto a function v(y) = 1. In the caseof a
smooth boundary, the functional J(x) takesonly the values,seee.g.[32],

1 forx €Y,
J(X)=4¢0 forx &Y, (8)
for x €

[N

Therefore,this functional J(x) canbe usedto decidewhethera point x isinside(J(x) = 1)
or outside (J(x) = 0) the domain Y. If J(x) €]0,1[ the point x is on the boundary and
the value indicates somekind of angle of the boundary in x.

The potential J(x) can be exactly computed via de nition (6) in the casethat the
boundary of Y is descriked by planetriangles. A rst approad of the method is basedon
this exact evaluation of the functional. Let the boundary be given by a triangulation
using N boundary elemeits. Then, the functional J(x) hasto be computed for ead of
these V elemeits in order to know whether a point x is inside or outside the domain. If
X cortains M points, the functional J(x) is ewvaluated in M ewaluation points x-. Then,
the correspnding e ort will be of order O(/N M) asthe functional J hasto be evaluated
for all conbinations. The evaluation e ort of J is comparableto the e ort evaluating the
kernel on the discretelevel

KOGY) = ©)

for M points x- and N points y. The correspndingalgorithm is linear in both the number
of ewvaluation points x and the number of triangles describingthe boundary mesh. If both
numbers grow linearly, the e ort will grow quadratically.

2.1.2 The fast multip ole metho d

The fast multip ole method (FMM) [8, 9, 28] will be usedto reducethis quadratic e ort
for the ewvaluation of the functional J(x) by introducing a systematicapproximation. The
fast multip ole method is usedfrequertly in boundary elemen methods, e.g.in [21, 22, 23].
For an overview of the FMM seee.g.[19].

If a separationof the variablesx andy is possiblefor the kernel k(x,y) asin

1
E(X,Y) = ) fi)a(y), (10)
i=0

the ewaluation of J(x) will becomecheaper by using an appraximation de ned by a nite
maximum expansiondegreep.

The main ingredierts of the fast multip ole method are the approximation of the ker-
nel function by an appropriate seriesexpansionand the useof a hierarcdical structure to
compute these expansionse cien tly. The seriesexpansionis usedto separatethe inte-
gration variablesx andy of the kernel function from ead other. A rst choicewould be
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to usea Taylor seriesexpansionof £(x,y), as usedin the panel clustering method [11],
but an expansionbasedon sphericalharmonicsis often more suitable than a Taylor series
expansion.

Starting from

X —y)P= (x—y) - (x —y) = [x]*+ |y[* = 2[x|ly| (X - ¥)

with X = x/|x|, the kernel can be written as

1
“aw s (B
'y'\/1 259+ )

From the Taylor seriesexpansionof

k(x,y) =

1 0O o 4d N o
11_75 _ Z f 6'(0)@—0) = Z (gﬂ))!t for |t| < 1,
~( \:0 . \:0 .

wheret = 2(X - 9) [x|/|y| — (|x] / ly|)?, the expansionof the kernel k(x,y) in Legendre
polynomials .
o o X"
xy) = Y AR ~y)—‘y"n'“
n=0

can be derived. The Legendrepolynomials P, (u) can be given by

1 d

Fa(w) = 2! dw"

[(w® — 1)"] for |w| <1,

where d" /dw"[e] is the n'® derivative of the expressionin bradkets. The accuracyof the
approximation using the nite expansiondegreep

p n
by) = S PR 9) (%) (11)
n=0
and later of the fast multip ole algorithm can be cortrolled, asthe estimate
oy kot < gt (B tor 1= (12
’ P Dy = x|\l

shows, which can be derived by the useof the geometricseries.

The separationof the variablesx andy is now doneby an addition theoremfor Legendre
polynomialsusing sphericalharmonics[12]. Note that all solutionsof the Laplaceequation
can be given by an expansionin sphericalharmonics.



The kernel function will be appraximated in terms of an appropriate reformulation,
see[24, 36, 38], of the sphericalharmonicsby the splitting

p n
k(x,y) = |~ ka(x.y) = > ) SRR (X) (13)

|X_y n=0m= n

for x # y. It cortains the two complexvalued terms

1 dm ~ o~ n
R,"(x) = mduj—mpn(w)’W:bg(xlinQ)m X[, (14)
0 dm oo 1
Sa"(Y) = (0= m) e Pa(w) |y, (51 £ 052) Vi (15)

in Cartesian coordinates z; for m > 0 and z; = x;/|x|. The term S in Eq. (13) is the
conjugatedform of S in Eq. (15). The kernel expansionwill be applied to the potertial
in Eq. (6), whereit is integrated over all boundary elemetts. In the following, we want to
cortrol the corvergenceand the accuracyof the truncated expansionk.

Now, the secondbasicidea of this approad, the building of the hierarchical structure
becomesimportant. In order to do the calculation of the kernel e ciently, the whole
systemis divided into boxes. Building of the hierarchy can be done from the top down.
All boundary elemetts {7}}_, are included in a box cortaining the original domain of
the body Y. The cluster ¥ of level O consistsof all boundary elemets {n}}_,. The
hierarchical structure is build recursiwely by the re nement of the box correspnding to a
cluster of the level A into eight similar boxeswhich form the clustersw; 1 of a ner level
A+ 1. The clustersw, *1 are called the sonsof the father cluster w; and consist of all
the boundary elemens 7, whosecerter is inside the correspnding box. This re nement
is doneuntil a minimum number of triangles is readed in the cluster or until a maximum
level L is reached. Each of the boundary elemetts 7 is assignedto the cluster w- which
cortains the mid point of 7. In this paper, we restrict oursehesto the caseof a regular
distribution of the boundary elemens {7 }}_, of a globally quasi uniform mesh. Empty
clusterscortaining no boundary elemeits are neglected. Newertheless,the method can be
extendedto the adaptive case,seefor example[4, 17].

Sincewe apply this method to collision detection, we do not know the position of the
points of X beforehand.Also, the box ¢? cortaining theseewaluation points x may di er
from the box w? cortaining the original domainY . Therefore,a secondndependent cluster
tree is build. If the evaluation points were known at setup time, their distribution could
be usedto build a suitable cluster tree. A secondpossibility, which hasto be usedhere,is
to construct a cluster tree without any information about the number of evaluation points
and their distribution. Only the extensionsof the evaluation domain ¢! are needed.Then
the clusterso; are constructedrecursiwely in a similar way as descrited before.

In the following, we will call clustersw; to bein the \near eld" of a cluster o; , if they
are locatedcloseto the box correspndingto o; . Clustersare calledto bein the \far eld",
whosedistanceis larger.
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Sincewe are interestedin the relation of a point x to triangles 7w, € = 90Y that are
inside di erent boxes of di erent cluster trees, the following criterion is usedin order to
idertify whether a triangle is in the near eld or in the far eld of a point. A clusterw; on
the samelevel \ is calledto be in the near eld of the cluster o; if the condition

dist {C’(wi ),C(Uj )}
max{r(wi ),T(O'j )}

<(d+1) (16)

is satis ed with a suitably chosenparameterd > 1. Here, C(e) denotesthe certer of the
box which cortains the correspnding cluster, and r(e) is the correspnding cluster radius,
e. r(w ) = sup,; . ]x — C(w )]. Moreover, the near eld of a father cluster o; ' must

cortain the near elds of all its own sonso; C o, !
Note that the seriesexpansionin Eq. (13) is not valid in the near eld dueto Eq. (12).
Therefore, the approximation of the functional J(x-) for /= 1 ..., M now reads

Jx)=— Y Jdx) - Z /ny vyz Z SM(y)R™(x-)dsy,  (17)

k2NF(x+) k2FF(x+) n=0m= n

where

1 1
Jk(X) = E/nx . VX stx (18)

is computed exactly. The set of indicesof triangles in the near eld of the cluster o; con-
taining x- dueto the admissibility condition (16) is NF(x-), and FF(x-) is its courterpart.
Next, the expression

k

7O = [n,-V,570)ds, (19)

k

is used,which contains all coe cien ts related to the variabley. Expression(19) is de ned
with respect to the origin O of somelocal coordinate system. Then, utilizing the fact that
the integration only hasto be done over the parts of the integration term corntaining v,
the appraximation of the functional can be written in the form

Joe) = Z Mx)——Z Z RIx) Y IMO.R)
k2 NF(x n=0m= n k2FF(x+)
= - > Jk(X*)—@Z S RIO)TP(O,FR()), (20)
k2NF(x+) n=0m= n

with the sum of all expansionsof the far eld

LYO,FF(x-)) = Y LY(O,k) forn=0,...p, m=-n,_...,n (21)
k2FF(x")
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The coe cients L]'(O, k) can either be computedexactly [17, 18 or can be approximated
by the useof somenumerical quadrature rule. B

For ead x-, /= 1,..., M, the evaluation of the appraximate functional J(x-) requires
the exact evaluation of the small near eld part. If the coe cients En’“(O, FF(x-)) of the
fareld part are known, the ewaluation of the functional J(x:) will be very fast. The
global coe cien ts Zn’“(O, FF(x-)) depending on ¢ can be e ciently ewaluated from the
local coe cients L]'(O, k) by usingthe arti cial hierarchies described before.

The e cien t computation of the coe cien ts Enm(O, FF(x-)) in Eq. (21) will be descriked
only very brie y. More detailed descriptionscan be found, e.g.,in [8, 9].

The following stepsonly have to be doneonceas a preprocessingstep, independert on
the number of evaluation points. In a systemconaining seeral moving bodies, sut a
hierardhy is built for ead body and storedin its body xed coordinate system.

The fareld of eah cluster aj" will be descriked by clusters w; which are as large
as possibleand which can be usedfor many di erent far elds. For ead conbination of
the clusters ajL and the correspnding far eld clustersw; the local coe cients are now
calculated to descrite the e ect of the fareld. In order to do this e ciently, as much
information as possibleis sharedwhen thesecoe cien ts are determined. Therefore,as a
rst step, the coe cien ts of the multip ole expansions

MP(Ch), Ph) = S MP(CWH) =Y / ny-VyRP(Y)ds,  (22)

1L 1L
k2! k2Lp oy

are computedfor all C|US'[eI’SwJ-L onthe nest level L, whereP(w; ) := {k, 7« € w; } denotes
the index set of the panels 7, belongingto the cluster w; , C(w;) denotesthe certer of
the cluster w; and of the local coordinate system, descriked as O before. Next, these
coe cien ts are translated to their commonfathers up to the coarsestlevel by

MMCw).P)) = > >3 RO )Clw, ™) (23)

1, 2Sons(t; ) S=0t=s

MP (Cw; 1), Plw; ).

Thesecoe cients, related to a cluster w;, cortain all the cortributions of the triangles

cortained in w; to the functional J(e). They canbe derived from Eq. (13) by interchanging
y and x-.
Next, thesemultip ole expansionsare corverted into local expansionsof o; by
" 1 S R
LY (C(07),P(w)) = D> ()" (Clwi )07 ) MY(Clw; ), Plwy ). (24)
s=0t= s

These corversions are executedon the highest level possible, i.e., the level where two
clusterso; andw; arein the far eld of eac other but their fatherso; ' andw; ' arestill
in their mutual near eld.
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In the last step of the preprocessing,the local expansionsare translated from the
clusterso; to their sonso; *' by

p S _
Lp(Co; 7, FR@) = S0 3 R M(C(0)Cloy TN INC(0,), FF(w ) (25)

s=nt= s

and summeduntil the nest level L is reached. The derivation of the translation and
conversionformulaein terms of addition theoremsfor the reformulated sphericalharmonics
can be found, e.g.,in [36, 38].

Now, the coe cien ts En’“(FF(O,x\)) are provided for an e cient evaluation of the ap-
proximate functional in Eqg. (20). In the ewaluation phase,only the expansionand the
near eld part have to be evaluated.

2.1.3 Complexit y of the algorithm

The algorithm basedon the functional J without using the fast multip ole method is of
order O(NM). Using the fast multip ole method introducesan error in the ewaluation
of the functional J. This error can be cortrolled by the expansiondegreep. The error
introduced by an ewertually used numerical integration formula can easily be estimated
and is neglectedhere. We alsorestrict the analysisto the caseof quasi{uniform boundary
elemen meshes.

For simplicity, we assumethat the clustersw; and o; on the level A are of about the
samesize. If the sizesof the domain Y and of the evaluation domain X di er signi cantly,
extra levelscanbeintroducedin the top of the correspnding cluster tree to guarartee this
feature. In what follows, we assumea global cluster radius r for all clusterson the nest
level. The error estimate

0 1+ 7 d 1\
’aTy(k(Xa)’) - kp(x,y))’ < (d—1)2 <p+ 1+ m) (g) (26)

see[22],for |x| < r and |y| > d r, seeEq. (16), givesthe possibility to estimate the error
introducedby the fast multip ole method as

N
> [y %y (xy) ~ R sy
k=1 .

- p+2
) e

While the descrited approad only gives an appraximation j(x) of the functional f(x),
one needsto cortrol the correspnding error. It is suitable to choosep ~ log N as the
clusterradius r is proportional to h, while h = /  denotesthe meshsizeof the boundary
elemers.

‘J(x) _ j(x)‘
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In our complexity analysis,the parameterd is xed andthe expansiondegreep ~ log N
ensuresthe optimal error estimate. The number of boundary elemens belongingto a
cluster w- onthe nest level is chosento be of order O(log* N). Sothe number of clusters
onthe nest level of the meshclustertreeis N, € O(N/log® N). Also the total number
of clustersof the meshcluster tree is N, € O(N/log* N) asan octree is used.

For the estimate of the number of clustersin the evaluation tree, a simpli cation is used
in the construction of the tree. In cortrast to the method descrited before, the clusterso;
arere ned until the clustersdo not have any clustersw; in their near eld or the maximum
cluster level L is readed. This simpli cation producesa larger number of clusterso; , so
the procedure descrilked before will only perform better in setting up the expansionsin
the fast multip ole method. Both caseswill beincluded in the estimate of the e ort of the
ewaluation part. For any cluster w; , a xed maximal number of clusterso; of the same
level X is constructed. This number is given by the sonsof all near eld clusterso; ! of the
father cluster w, ' and estimated by c4. The total number of clustersin the ewaluation
tree can be estimatedby N < ¢4, . This is highly overestimated,as most of the clusters
o; are courted many times, but this estimate is su cient for an asymptotic complexity
estimate. The translations and corversionsof the expansionsare of order O(p?*) as the
expansionshave order O(p?) coe cients. In Table 1 the e orts for the di erent operations
are collected.

The total e ort is then given by O(N log®> N) + O(M log® N) and, therefore, is almost
linear in the number of boundary elemens and in the number of evaluation points. When
using a variable version[29, 33] of the fast multip ole method the logarithmic terms could
be dropped in the asymptotic complexity estimate.

2.2 Ray crossing method

A secondapproad that canbe usedin orderto chedk whethernodeslie within a polyhedron
is the ray crossingmethod, see[20]. This approad is completelydi erent and hasits origin
in traditional computational geometry and computer graphics. There, a ray to innit y
originating from the obsened point is created,seeFigure 1. Then the intersectionsof this
ray with the surfaceof the body are courted.

Point P isinsidethe polyhedron,if the number of intersectionsof an arbitrary ray with
the surfaceof the polyhedronis odd, as shavn in Figure 1. Also it can be said, that a
point, e.g.point @ in Figure 1, is outside of the polyhedron, if the number of intersections
is even for arbitrary rays from this point (where O is consideredto belongto the even
numbers). In order to perform that chedk, the ray hasto be tested against all separate
surfaceparts (facesf) of the body. The problem about courting theseray crossingss the
wide variety of possibledegeneracieshat could occur, compare[20]. Thesedegeneracies
could be, e.g.,a ray laying in a face, hitting a vertex or an edge,lying collinerarly to an
edge,etc. Howewer, the treatment of sud degeneraciesnust not be taken into accoun
for the implemertation. Sincethe direction of the ray is completely arbitrary and the
creation of another ray is not time consuming,it is simply chedked for eat ray, whether

14



Table 1: Complexity of the fast multip ole approadh

operation and explanation costs

simple approach
computation straight forward O(N M)

setting up all expansions

computing the coe cients up to degreep for all N boundary NO(p?)
elemelts

translation of the multip ole expansionof all N, clustersto their N, O(p*)
fathers

For all N, clustersthe conversionsof multip ole expansionsinto caNy O(p*)
local expansionsof the clusters of the evaluation tree have to be
applied. The number of corversionsper cluster is again bounded

by Cq-

translation of the local expansionto all NV clusters from their N O(ph)
fathers

evaluation of the functional J

ewvaluation of the local expansionof degreep for all M evaluation MO(p?)
points

the remaining near eld part of oneevaluation point consistsof at | M O(log? N)
most O(log® N) boundary elemetts

sud degeneraciegxist, and if so,a new ray is createdwith random direction. Sud a ray
to in nit y can be substituted by a line segmeh PR that is long enough,if its endpoint R
is de nitely outside a bounding box around the body.

The collision test then is accomplishedn se\eral steps. In a rst step, all points of the
tested body that are not positioned within the bounding box of the other polyhedron are
discarded. For the planar exampleshavn in Figure 2 only six nodesof body 2 are left to
be investigatedinstead of the original twelve nodes.

For theseremaining nodes, the random rays have to be generatedand tested against
all facesof body 1. Sud a triangular face f consistsof three nodes, F, F;, and F3, see

15



Figure 3. The examplein this gure has 20 sud triangular faces(ten of which are showvn
in the gure, and ten more are bad facing). For this part of the test now bounding boxes

1 crossing 1 crossing

.P

3 crossings

4 crossings

Q

0 crossings

2 crossings

Figure 1: Collision detection by meansof cheding a ray for ead obsened point of another
body. Here, three possiblerays are shovn for a point P that is inside the body (one or
three crossings),and for a point @ that is located outside the body (no, two, and four

crossings).

body 1

Figure 2: Only points that are positioned within the bounding box are considered.
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Figure 3: Non-corvex polyhedronwith face f (Fi, F5, F3), and a point P of another body
lying within the polyhedron. The distancebetween P and f is d,, ds is the distancefrom
P to R (in normal direction of f), and I is the intersection point of line PR with f.

are laid around ead of thesefaces. Then the ray is rst tested whether it crossesthe
bounding box around f. For eat face,whosebounding box is crossed,a further test has
to be accomplished. It is clear that a ray cannot cross f if they are parallel. For eah
case,wherethe ray crosseghe bounding box of f and wherethe ray is not parallel to f,
the ray de nitely crosseghe plane, in which f is located. By cortrolling, whether such
an intersection point of the ray with the plane of a surfacereally lies on the surfaceof the
body, i.e. on the triangle f, the ratio of d; (which is the distance betweenthe obsened
point to the plane) to d; (that is the distancein normal direction between R and P) has
to be considered seeFigure 3. This ratio can be determinedas

(F — P) -n dl

r=  -—-————>= —

(R — P) -n d27

see[20, 35]. Here, P and R are the position vectorsto the points P and R, respectively,

and F is the position vector to a point of face f. This point is thereforein the plane of f.
If d; equalszero,it is clearthat the obsened point, too, is located on the plane of f, and

(28)
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it hasto be chedked, whether the point is located within the boundary of triangle f. If d,
equalszeroand d; is not equalto zero,then this ray is parallel to f and, therefore, never
crossest. In this case,the ray canbe tested againstthe other faces. The casethat d; and
d, are zeroat the sametime is one of the earlier mertioned degeneracie$ in this casea
new ray is generatedand tested against all facesagain. If neither d; nor d, are equalto
zero, the ratio r is computed.

By meansof this ratio, the position vector of 7, which is the intersection point of PR
with the plane, can be computed,

=P+ 7 (R—P). (29)

The meaningof Eqg. (29) is clearif oneadoptsthe theoremon intersectinglines, seeFigure 3.
That means,r of Eq. (28) is the ratio of d; to d, that is equalto the ratio of P/ to PR.

If r is negative or greaterthan 1, then point 7 is not on f and the next face can be
tested. For » = 1, I would be equalto R, but sinceR is outside the body, in this case,too,
I is not located on f. That means,only in casesvherer = 0 (i.e.d; = 0)and 0 < r < 1,
it is possiblethat I (or P) arelying on f.

To chek whether P is located on f, both, P and f are projected in normal direction
of f onto a plane, seeFigure 4.

Then the position of the projected point P°to the projected face is determined by
cheing its position versusthe edgesof the projected triangle. This is shavn on the right
side of Figure 4. For eat areathe \Area-Signs" are calculated. That means,it is cheded
whethera point P°that is possiblywithin that areais to the left or to the right of the three
edgesthat form the triangle. If P°is to the right of any of theseedges(that are directed
courter clockwise around f), the projection is not inside f, and, therefore, the ray does
not crossf. In this case,the next face can be tested. Only if the point is to the left of
all three edges,PPis locatedon f. Also caseswhere P is lying on a vertex or edgeof f,

Figure 4: Projection of a face (left), signsreceiwed for the projected point in the special
areas(right), see[20, 35.
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can be determined. The results for the \Area-Signs" along the projections would then be
0— —, —0—, or — — O for the edgesand 0 — 0, 00—, and —00 for the vertices. Then, if one
of thesesix casesr + + + is valid, the other facesdo not have to be tested anymore, since
it is directly clear, that the point is located on f and, hence,on the surfaceof the body.
Howe\er, if noneof theseseen casess valid, P is not locatedon f or its boundaries,and
the other facesof the body have to be tested.

Still, we have to handle the casethat the ratio of Eq. (28) is 0 < r < 1. In this case,
similar to the caser = 0, it hasto be tested, whether I (the intersection point of the ray
with the plane of f) is located on f or outside the boundariesof the triangle. In order
to determinethis, a \V olume-Sign"is calculated, that is very similar to the \Area-Sign"
explained above. Here, the location of the segmeh PR to the face f is of interest. The
signedvolumesof the three tetrahedra de ned by PR and ead edgeof f are determined.
Again it is detected, whether \V olume-Signs" are negative for any of these tetrahedra.
Figure 5 shows three exemplary caseswherethe \V olume-Sign" of the three volumesare
shown.

The \V olume-Signs"for the casesshown in Figure 5 are + + +, +0+ and +00. Again,
if one or more of the determined \V olume-Signs" are negative, then I is outside of f.
That meansthat the segmeh PR doesnot crossf, and the next facesof the body can be
determined. If oneor more of the \V olume-Signs"are zero, as for the two right examples
of Figure 5, then it is not directly clear to which face the ray belongs. Sud a caseis
consideredasa degeneracyand a newray is created,that hasto be testedagainstall faces
again. If, howeer, all three \V olume-Signs"are positive, then it is clearthat I is located
on f, and, therefore,the ray crosseghis face. The total number of sud crossingshetween
the ray and the facesis of interest. Therefore,this whole procedurehasto be donefor all
faces.

Finally it can be said that either this determination has stopped in betweenwith the
result, that P is located on the surfaceof the body, or we get a number of crossingsof

R

=
=
[ERN

Figure 5: \V olume-Signs"of three cases,where I is inside f, on an edgeof f and on a
vertex of f, see[20].
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Figure 6: Overview of the ray crossingmethod.

the segmen PR with the surfaceof the body. If this number is odd, P is lying inside the
body, and if it is even or zero,the point is outside the body, asit is shavn in Figure 1.

A summary of the whole processis shavn in Figure 6. This whole procedurehasto be
carried out for ead point of two neighboring body-pairs that is inside the bounding box
of the other body.
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3 Comparisons and results

The techniquesintro ducedshall be comparedwith respect to simulation times for various
but always high numbers of facesand testpoints. In order to investigate solely the depen-
denceon the simulation time for di erent systemsizes,se\eral test seriesare used. The
goal of these seriesis, to keep somesystemtraits as constart as possibleand to change
only somewell de ned influencingfactors.

The programusedfor the comparisongs written in C. All programruns wereperformed
on the same2.8GHz Linux PC that featuresa working memory of 1 GB. Both methods
give correct results and work, therefore, reliably.

3.1 Comparison of the methods using a sphere

In this rst, more academicnumerical example, appraximations of the unit sphereare
usedfor the body Y. The coarsestappraximation of the sphereis built by eight triangles.
Then thesetriangles are re ned uniformly and the created new nodesare projected onto
the surfaceof the sphere.In this way, se\enre nement stepsare executeduntil the nest
approximation of the sphereis readied consistingof 13107 2riangles. A regulardistribution
of test points in the surrounding cube is usedas scatteredgrid X. In particular 10, 20%,
40%, and 80° points are used. This setting givesthe possibility to comparethe two methods
and to obsene se\eral special featuresof the fast multip ole approad.

First, the resultsobtainedby the fast multip ole method arediscussed.There, the choice
of the maximum level of the cluster tree is important for the performanceof the method.
With the usually not available knowledgeof the number of triangles aswell asthe number
of evaluation points, the depth of the cluster tree can be chosenquite well in advance. In
the following this will be called well chosen(WC) cluster tree. The results obtained by
meansof thesechoicesare shovn in Figure 7.

Theseresults are better than the results that can be obtained with a tree depth only
dependingon the number of triangles. Sincein collision detection applicationsit is usually
not known, which and how many points one hasto test againstthe body, in Figure 8 the
results which have beenobtained with a depth only depending on the number of triangles
are shavn. In the following this will be called pre-chosen(PC) cluster tree.

At a rst sight, theseresultsmay seemsurprisingly. As the number of evaluation points
is increasedby a factor of eight with ead grid and the number of triangles is increasedby
a factor of four in ead re nement step, onewould expect to seethesefactorsin the results
dueto the asymptotic analysisin Section2.1.2. Howeer, the resultsin Figure 7 seemto be
better than linear. In the following a linear behavior will be calledan asymptotic behavior,
so here the results in Figure 7 are not corverging asymptotically but behave better than
that. The reasonis that the total computational time consistsof the time for setting up
the coe cien ts of expansionin Eq. (20) and the time for ewvaluating the expansionand
the near eld part. The time for setting up the coe cien ts dependsonly on the number of
triangles and on the maximum level of the cluster tree, while the time for the ewvaluation
part dependson the number of evaluation points and on the maximum level of the cluster
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Figure 7: Resultsof the fast multip ole ap- Figure 8: Resultsof the fast multip ole ap-
proac using a well chosen(WC) depth of proach using a pre-chosen(PC) depth of
the cluster tree. the cluster tree.

tree. Therefore, the method is linear in the number of triangles and in the number of
ewvaluation points. As both parts of the computation time depend on the maximum level of
the cluster tree, this level is usedto balancethe two parts and this givesthe better results.
As long as none of the two numbers is dominating, one doesnot seethe asymptotic, but
a better, behavior. The computational times for the grid with only 10° evaluation points
get closestto the asymptotic linear caseasthesenumbers are dominated by the number of
trianglesdueto the rather low number of evaluation points. If the numbersof trianglesand
evaluation nodesare both increasedby the samefactor at the sametime, the asymptotic
behavior will be seen.

The resultsin Figure 8 have beenobtained usinga xed maximum level of the cluster
tree for ead of the meshes. When two lines almost touch ead other, the total time is
dominated by setting up the coe cien ts of the expansionsas the maximum level of the
cluster tree is too large for the small numbers of ewvaluation points. On the other hand,
someof the computational times of the grid with 80° evaluation points are dominated by
the time for ewvaluating the near eld part as the depth of the cluster tree is chosentoo
small. Therefore, the total computational time is reduced sometimesfor a re ned mesh
comparedto the previous meshdue to a larger depth of the cluster tree. In the caseof
the xed depth of the cluster tree, the linear dependenceon the number of ewaluation
points can be obsened in the ewaluation part, seeTable 2. For example, the sharesin
computational times for the evaluation part are lessthan one second,about three seconds,
about 24 secondsand 202 secondsin the caseof the nest mesh. The numbers also shov
that the computational times for the meshof 131072triangles are reducedin comparison
to the times for the meshof 32768triangles. This is due to the larger depth of the cluster
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tree asdescribed before.

Table 2: Computational times in seconddor the evaluation part

# points | 8192| 32768| 131072
10° <1| =1 <1
20° ~1 5 3
408 10 40 24
80° 83 329 202

In Figure 9, the computational times obtained by the ray crossingmethod are shawvn.
The lines shaw a linear dependencyof the method in both the number of triangles and the
number of evaluation points. The two di erent approadhesare comparedin Figure 10 for
the two grids of 10*> and 80° evaluation points.
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Figure 9: Results obtained by meansof Figure 10: Comparison of both ap-
the ray crossingmethod. proades.

In the caseof the grid with 10° points, the ray crossingmethod is faster for the meshes
with a smaller number of triangles and the fast multip ole method is a little bit faster for
the nest meshes. In the caseof the grid with 80° points, the ray crossingmethod is
only faster for the bodies consisting of few triangles. For ne meshesthe fast multip ole
approad is faster, asthe ewvaluation part is more dominart which is almostindepender of
the number of triangles in the fast multip ole approacr. The FMM with a maximum level
of the cluster tree depending only on the number of triangles sometimesperforms worse
than the onewith the \optimally" chosenmaximum level.
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3.2 Comparison using a complicated foam structure

The secondexampleis a foam structure which is appraximated by three di erent meshes
consisting of 28952,120868,and 494124triangles. These mesheshave been provided by
Dr. Heiko Andre, Fraunhoferinstitut Tedino{ und Wirtschaftsmathematik, Kaiserlautern.
One of thesefoams, the onewith the smallestmesh,is shavn in Figure 11.

Figure 11: Mesh of the foam.

Now the two collision detection methods are applied again. The samenumber of test
points, 10°, 20°, 40° and 80, are cheded whether they are inside or outside thesebodies.
For the FMM again an optimal choice of cluster tree depth (using knowledgeof both, the
number of surfacetriangles and the number of grid points) is usedand another tree depth
is chosenonly by meansof the knowledge of the number of triangles. In the caseof the
FMM with the optimally chosendepth of the cluster tree, a similar performanceasfor the
sphereis obtained, seeFigure 12. The computational times increaselessthan linear with
respect to the number of triangles for a xed number of evaluation points. This is due to
the fact that the depth of the cluster tree is usedto balancethe times for setting up the
coe cien ts and for the evaluation. If the number of triangles and the number of evaluation
points are increasedat the sametime, the asymptotic linear behavior will be obsened.

The computational times for the not optimally chosen(PC) maximum level are shavn
in Figure 13. Again, the results are not as good as for the optimal choice (WC) of the
cluster tree depth. Especially the resultsfor the nest meshare dominated strongly by the
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time requiredto setthe coe cien ts sincethe maximum level is chosentoo high dueto the
huge number of triangles.

For the ray crossingmethod again the linear dependencyof the method can be seen
nicely in Figure 14. In the comparisonof the di erent approadesin Figure 15, again the
better performanceof the fast multip ole method for large numbersof facescanbe obsened.
For the smallestgrid, the ray crossingmethod shows a better performancethan the results
obtained by meansof the FMM when there is no knowledgeabout the numbers of points
given. For the large grid, both versionsof the FMM shaw a strongly better performance.

4 Conclusions

In this paper two very di erent methods that can be used for collision detection have
beenexplained and comparedwith respect to required computation time. Here, systems
containing bodiesthat are highly complex,i.e. cortaining many faces,are of interest. In
order to investigatethe behavior of sucd systemsproperly, in the comparisonsa scattered
grid of points is tested with a body whosecomplexity is increased.

For the FMM it hasto be distinguished between results that are obtained using an
optimal choice for the depth of the cluster tree and results where this knowledgeis not
available. In our example,both, the number of elemens of the body aswell asthe number
of points of the scatteredgrid is known. Having this knowledge,the obtainedresultsare for
most casedetter than the resultsobtained by meansof the ray crossingmethod, especially
if many faceshave to be cheded.

Howewer, using this method for a simulation of a system consistingof somebodies, it
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Figure 14: Linear results obtained using Figure 15: Comparison of both ap-
the ray crossingmethod. proaces.

is not known from the beginning, how many points have to be tested againsta body. The
results obtained by using only the knowledgeof the complexity of the body are often very
similar for all scatteredgrids, sincethe chosentree depth for thesecasess only dependert

on the number of elemerts of the body, and is thereforeoften chosentoo high. Comparing
the RC method with theseresults shows that for the foam tested with the small scattered
grid, the RC method is more e cient, whereasfor the largest scattered grid the FMM

method is a lot better than the RC method. For the spherea similar conclusioncan be
drawn. Here, for the smallest scattered grid and the v e coarsestdiscretizations of the
spherethe RC methaod is better than the FMM method, and even for the largestscattered
grid a better result of the RC method can be obtained for the three smallestspheres.It can
be said that both methods are e cient and useful for collision detection purposes.While
the FMM hasits advantagesmainly for very large bodies consistingof a huge number of
nodes,the RC method is more appropriate for simpler bodies.
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